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What we’ll Cover Today

* Newton-Euler equations of motion
* Equations of motion for the quadrotor

e State-space system modeling & stability
* State-space model for the quadrotor

* First assignment
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Motivating Example
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Newton-Euler Equations of
Motion




Forces & Linear Momentum For Rigid Bodies

The rate of change of linear momentum L in an inertia frame A for a rigid body B
equals the net applied force F.

P,

. . . OC
Where m is the total mass and “vC is the velocity of the O
center of mass, a point C located at r. OO

1 N N

S he=g)mbi Netioce F= )R
' i=1 i=1
Adaye — A
then: F=m F=m"a"

dt

The center of mass of a rigid body moves like a point mass m driven by a force F.
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Moments & Angular Momentum for a Rigid Body

The rate of change of angular momentum H in an inertial frame A for a rigid body B relative to
point C equals the net moment M about C due to applied forces relative to C.

B __ 9 A B 1 ER () NS
M= ; e
/ / \ 058
Inertia tensor
Net moment on Angular Lo Ly Ly
bo.dy B around momentum of [ = Ixy Iyy L,
point Cfrom all body B about Ly Ly Ly
external forces point C in frame A
and torques Lex=2k=1 M Vie + 2it)

Ly=-Y =1 My (Xx Vi)
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Principal Axes

Principal axis of inertia
° U is a unit vector along a principal axis if Iu is parallel to u
> You can always find 3 independent principal axes!
> Axes of symmetry are always principle axes.

Principal moment of inertia

> The moment of inertia with respect to a principal axis, uTlIu, is called a principal moment of
inertia

AWB

Physical interpretation

“HE and Aw® are not
parallel!

AHE and Aw? are ‘

(Recall “HE = I AwB) parallel!
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Euler’s Equations

What is the correct rotational analog to F = ma?

4 AyB B
M= S0 “dHE + Aw® xHE
dt dt ,

Y
differentiating in
a moving frame

Using body-fixed coordinates, I is constant.

B . 14B
dizl . AnB
dt ¢
A BXHB= A BXIC A,,B

Euler’s Equations: I 408 + 40P X1 AwB = Mg

AHE = |, -

//‘

Not constant in
inertial coordinates!
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Euler’s Equations

Define a body fixed frame with b1, b2, b3 all along principal axes.

From Euler’s Equation
I - ApB o AwalC A,B MB

A(I)B = wlbl + (1)2b2 + (1)3b3

MB —_ MClbl + Mczbz + Mcgbg
I = diag(ly1, 22, I2)

Then, traditional matrix form for Euler’s Equations

M. net external mome

_ N i~ - P - _
I, 0 0| o 0 -0, o, |{; 0 0|o M.,
0 I, O0|a |+ o 0 -o|0 L, 0| =M,

r
0 0 [;]oy| |-, o 0 |0 0 [Z;] o _MC,3_
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Examples

Football thrown expertly.

Is the angular momentum constant?

0 A AnB
™Z = ¢ He
Is the angular velocity constant?

+{M}M\

1/28/2020 MEAM620: QUADROTOR DYNAMICS & STATE-SPACE SYSTEM MODELING



Examples

Football thrown poorly.

Is the angular momentum constant?

0 A AnB
m _ d “Hg
. dt
Is the angular velocity constant?

notzero
ICA(,UB +{ W X(IC w )}M
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Examples

Football skewered on a stick.

frictionless bearings

/

Is the angular momentum constant? h
I
not zero! d AHg

Mg = ——
. ¢ dt
Is the angular velocity constant?

IC Ad)B + AwB X(IC A(,()B) = Mg
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Application to Quadrotors




Quadrotors 7,

L 2
M; = ky;
a3
r
O
a

31 F=F1+F2+F3+F4,—mga3

M = (r; XF; + pXF, + r3xXF; + 1, xF,) + (M; +M, + M; + M,)
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Newton-Euler Equations for a Quadrotor

‘@f=pb;+qb,+rb;

0 0
mr = 0 + R 0
In inertial frame |~ myg _Fl + Fo 4 F3 + F4_
U
p L(Fy — Fy) p p
Hil=| wwm-R) |- || x1]a
_,’;_ _Ml—M2+M3—M4_ _’I“_ _?“_

In body frame u,
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Newton-Euler Equations for a Quadrotor

Recall that F; = kF(,()iZ and M; = kaiz

kv M

Lety=k—F=Fi<=>Mi = yF;
o] | L(Fy — Fy) 1 | i3
1 q — L(F3 — Fl) — |1q| X 1 q
_7.”_ _Ml—M2+M3—M4_ _’I"_ _7“_
pl [0 L 0 —L] ?1 D ¥
I(j:—LOLOFz—qqu
| e e et I Y [ 7

u,
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Inputs

Putting everything together, we have inputs:

U]l I thrust
u = _ |moment about x
U, moment about y
| . moment about z.
1 1 1 17[F;]
= 0 L 0 —-L||F
—L 0 L O0]]|F;
vy —v v —VIlEl Fi=kpo;

Note: All quantities are in the body frame!
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