
State-Space and 
System Modeling
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State Space for Dynamical 
Systems
ØState: 𝐱 = [𝑥! 𝑥" ⋯ 𝑥#]$

ØRobotic systems: The state typically includes the configuration 𝐪
(position) and its derivative 𝐪̇ (velocity), that is

𝐪 =

𝑞!
𝑞"
⋮
𝑞%

, 𝐱 =
𝐪
𝐪̇

ØThe evolution of system’s state over time is governed by a set of 
ordinary differential equations (ODEs).

ØODEs are often expressed in their equivalent state-space form

𝐱̇ = 𝑓 𝐱, 𝐮
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Example: Planar Quadrotor
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u2 = moment

u1 = thrust force

u1sinϕ

u1cosϕ
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State Space
State vector

𝐪 =
𝑦
𝑧
𝜙
, 𝐱 =

𝐪
𝐪̇
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Planar Quadrotor Model
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𝐱̇ =

𝑥!
𝑥"
𝑥#
0
−𝑔
0

+

0 0
0 0
0 0

−𝑚$% sin 𝑥& 0
𝑚$% cos 𝑥& 0

0 𝐼''$%

𝑢%
𝑢(𝐱 =

𝒒
𝒒̇ =

𝑦
𝑧
𝜙
𝑦̇
𝑧̇
𝜙̇

𝐱̇ = 𝑓 𝐱, 𝐮



A Modeling Choice
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A Modeling Choice
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Main Steps to Build a State-
Space Model

Given an ODE (for now of a single variable, 𝑦(𝑡))

Ø Isolate the 𝑛th highest derivative, 𝑦(#) = 𝑔(𝑦, 𝑦̇, … , 𝑦 #(! , 𝐮)

ØSet 𝑥! = 𝑦 𝑡 , 𝑥" = 𝑦̇ 𝑡 , … , 𝑥#= 𝑦 #(! 𝑡

ØCreate state vector 𝐱 = 𝑥! 𝑥" ⋯ 𝑥# $ = 𝑦 𝑦̇ ⋯ 𝑦(#(!)
$

ØRewrite into a system of coupled first-order differential equations

𝑥̇! = 𝑦̇ = 𝑥"
𝑥̇" = 𝑦̈ = 𝑥)
…
𝑥̇# = 𝑦(#) = 𝑔 𝑦, 𝑦̇, … , 𝑦 #(! , 𝐮 = 𝑔 𝑥!, 𝑥", … , 𝑥#, 𝐮
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Main Steps to Build a State-
Space Model
ØRewrite in matrix form

𝑥̇!
𝑥̇"
⋮
𝑥̇#

=

𝑥"
𝑥)
⋮

𝑔 𝑥!, 𝑥", … , 𝑥#, 𝐮

ØNote: A system is linear time-invariant (LTI) when 

𝐱̇ = 𝐴𝐱 + 𝐵𝐮, 

and A is an 𝑛×𝑛 constant matrix, and B is an 𝑛×𝑚 constant matrix. 
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𝐱̇ = 𝑓(𝐱, 𝐮) 𝐱 ∈ ℝ; , 𝐮 ∈ ℝ<
𝑛 states 𝑚 inputs



Example: Spring-Mass System
𝑚𝑞̈(𝑡) + 𝑘𝑞(𝑡) = 𝑢(𝑡)

Order of the system = 2

Rewrite 𝑞̈ 𝑡 = + , $-.(,)
1

State vector 𝐱 = 𝑥% 𝑥( 2 = 𝑞 𝑞̇ 2

Coupled equations ẋ% = 𝑥(, 𝑥̇( =
+$-'!
1

Then 
𝑥̇%
𝑥̇(

=
𝑥(

+$-'!
1

,   or   
𝑥̇%
𝑥̇(

=
0 1
− -
1 0

𝑥%
𝑥( +

0
%
1
𝑢

ØLinear system
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Example: Damped Pendulum
Equation of motion

State space representation

ØNonlinear
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Linearize around equilibria 𝐱̇ = 𝑓 𝐱 ≡ 0



Example: Damped Pendulum
Equation of motion

State space representation

Equilibrium point(s) Consider points near 
equilibria
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Equilibria
Consider a system with 𝑛 degrees of freedom

Let 𝑞* be a configuration at static equilibrium (𝐱̇ = 𝑓 𝐱 ≡ 0)

ØAn equilibrium point can be
◦ Stable
◦ Unstable
◦ Critically stable (or neutrally stable)

ØWe are interested in the behavior of the system around equilibrium 
points.

ØWe linearize the system around equilibria!
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Linearization
ØGiven a nonlinear system 𝐱̇ = 𝑓 𝐱, 𝐮 , 𝐱, 𝑓 ∈ ℝ#, 𝐮 ∈ ℝ+, derive an 

approximate linear system 𝐱̇ = 𝐴𝐱 + 𝐵𝐮 about an equilibrium point (𝐱*, 𝐮*).

ØTaylor series expansion around equilibrium point:

𝑓 𝐱! + Δ𝐱, 𝐮" + Δ𝐮 = 𝑓 𝐱! , 𝐮! + #$
#𝐱 𝐱!,𝐮!

Δ𝐱 + #$
#𝐮 𝐱!,𝐮!

Δ𝐮 + H. O. T.

𝐱̇ + Δ𝐱̇ ≈ 𝑓 𝐱! , 𝐮! + #$
#𝐱 𝐱!,𝐮!

Δ𝐱 + #$
#𝐮 𝐱!,𝐮!

Δ𝐮

⟹ Δ𝐱̇ = 𝐴Δ𝐱 + 𝐵Δ𝐮

Re-defining Δ𝐱 ≜ 𝐱, and Δ𝐮 ≜ 𝐮 yields 𝐱̇ = 𝐴𝐱 + 𝐵𝐮 with

𝐴(×( =
#$
#𝐱 𝐱!,𝐮!

=

#$"
#*"

⋯ #$"
#*#

⋮ ⋱ ⋮
#$#
#*"

⋯ #$#
#*# 𝐱!,𝐮!

, 𝐵(×+ = #$
#𝐮 𝐱!,𝐮!

=

#$"
#,"

⋯ #$"
#,#

⋮ ⋱ ⋮
#$#
#,"

⋯ #$#
#,# 𝐱!,𝐮!
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Pendulum Linearization

Equilibrium point 1

𝐱*,! =
0
0

𝐱̇ ≈

-.!
-/!

-.!
-/"

-."
-/!

-."
-/" 𝐱#,!

𝑥!
𝑥"

=
0 1
− 1

2
− 3
+2"

𝑥!
𝑥"

Equilibrium point 2

𝐱*," =
𝜋
0

𝐱̇ ≈

-.!
-/!

-.!
-/"

-."
-/!

-."
-/" 𝐱#,"

𝑥!
𝑥"

=
0 1
1
2 − 3

+2"

𝑥!
𝑥"
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𝐱̇ =
𝑥"

−
𝑔
𝑙
sin 𝑥! −

𝑐
𝑚𝑙"

𝑥"
= 𝑓 𝐱



Pendulum Stability
A linear system 𝑥̇ = 𝐴𝒙 is stable iff the real parts of all eigenvalues of 𝐴
are negative.

Equilibrium point 1

𝐱*,! =
0
0

𝐱̇ ≈
0 1
− 1

2
− 3
+2"

𝑥!
𝑥"

𝜆 = − 3
"+2"

± 3
"+2"

"
− 1

2

Stable

Marginally stable if 𝒄 = 𝟎

Equilibrium point 2

𝐱*," =
𝜋
0

𝐱̇ ≈
0 1
1
2

− 3
+2"

𝑥!
𝑥"

𝜆 = − 3
"+2"

± 3
"+2"

"
+ 1

2

Unstable
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