State-Space ana
System Modeling




State Space for Dynamical
Systems

» State: X = [x1 X, -+ Xp,

]T

» Robotic systems: The state typically includes the configuration q
(position) and its derivative q (velocity), that is

-
a- |2 x=[d
14 ]

» The evolution of system’s state over time is governed by a set of
ordinary differential equations (ODEs).

» ODEs are often expressed in their equivalent state-space form

X = f(x,u)
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Example: Planar Quadrotor
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State Space

State vector

s




Planar Quadrotor Model
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A Modeling Choice
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A Modeling Choice
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Main Steps to Build a State-
Space Model

Given an ODE (for now of a single variable, y(t))

> Isolate the nth highest derivative, y™ = g(y,y, ...,y u)
>Setx; = y(t), x, = y(t), ..., x,=y V(1)

> Create state vector X = [x; X5 -+ x,]! = [y y e y("‘l)]T

» Rewrite into a system of coupled first-order differential equations

X1 =y =x

X2 =Y = X3

%, =y™ = gy, ...,y("‘l),u) = g(x1, %9, ., X, W)
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Main Steps to Build a State-
Space Model

> Rewrite in matrix form

EsA | X2

Xo| _ X3

Xy, 1g(xq1, X3, o, X, 1)

X = f(xu) X € R",u € R™

n states m inputs
» Note: A system is linear time-invariant (LTI) when
X = AX + Bu,

and A is an nXn constant matrix, and B is an nXm constant matrix.
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Example: Spring-Mass System

mq(t) + kq(t) = u(t)

Order of the system =2 I‘/\/{/E u
—
ey o ut)—kq(t)

Rewrite  (t) = — IT
State vector X = [x4 xZ]T = |q q]T
: . . u—kxq
Coupled equations X1 = X5, Xp = —
Th [ ] k ] ] [ Ok 1] [X1] + [(1)]
en = |U—Kxq . — LJ E u
_m O xz -

» Linear system
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Example: Damped Pendulum

E qua tion Of motion S

qg+—-~ q+§smq 0
ml’ [

State space representation

q

q %
X = X = .

»Nonlinear =) Linearize around equilibria X =
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Example: Damped Pendulum
Equation of motion T

g+—-= q+§smq 0
ml’ [

< Viscous friction, ¢

State space representation

q &
X = X = .
- P — g SIn x, — _C X simple pendulum m
q | lz 2
Equilibrium point(s) Consider points near

0 T ecitjilibria
et T o T o x=(r—x,)
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Equilibria

Consider a system with n degrees of freedom

Let g, be a configuration at static equilibrium (x = f(x) = 0)

» An equilibrium point can be
o Stable
o Unstable

o Critically stable (or neutrally stable)

» We are interested in the behavior of the system around equilibrium
points.

» We linearize the system around equilibria!
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Linearization

» Given a nonlinear system X = f(x,u), X, f € R™,u € R™, derive an
approximate linear system X = AX + Bu about an equilibrium point (X, u,).

» Taylor series expansion around equilibrium point:

_ o
FOke B e+ B0) = Fxeru) +[2]  axe [au sus H// T

. . af
+Ax = f(x/u,) + |—
/ f( e) lax (Xe:ue) [au (Xe, ue)

— Ax = AAX + BAu

Re-defining AX £ X, and Au £ u yields X = AX + Bu with

K2R iy 0 ., 947
of 0xq 0xn of ouq Jun
Ansn = [ =|: - Buscm = | =|:
nxn 0x (Xe ue) p p 7 “nXxXm ou (X l,l)
' O .. O efe) |0fn .. 9/
-0%1 0%n- (Xe,ue) -0y Iun- (Xe,ue)
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Pendulum Linearization

X

[t e ]=rco
— —sin x4 ——x
L] ml?
Equilibrium point 1 Equilibrium point 2
0 [
s = [0 oo =[]
01 0f1] 0fi  Ofi
. dx, 0xy X1 . |9x1  0x X1
x~lopn on| l|ul ~on o |
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Pendulum Stability

A linear system x = Ax is stable iff the real parts of all eigenvalues of A

are negative.

Equilibrium point 1

C c \2 g
A=- 2ml? t \/(Zmlz) 1
Stable
Marginally stableif c = 0

Equilibrium point 2

Xe2 =[]

. 0 1 X

=[o < |l
Cc

2
c g
2ml? t \/(Zmlz) T l

Unstable

A= —
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