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◻Hand function:

Hand function:
Interface with external
world

Hand operation:
Grasping
Dextrous manipulation
Fine manipulation
Exploration
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◻History of hand design:

Prosthetic devices (1509)

Dextrous end-e+ectors

Multiple manipulator/agents coordination

Human hand study
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◻Hand Design Issues:

Mechanical systems

Sensor/actuators

Control hardware

◻ A Sample List of Hand Prototypes:

,e salisbury Hand (1982) ,e Utah-MIT Hand (1987)
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Toshiba Hand (Japan) DLR hand (Germany, 1993)

,e HKUST Hand (1993) Micro/Nano Hand
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◇ Example: More Hands
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”,e hand is indeed an instrument of creation par excellence.”
Rodin (1840–1917)

Rodin Hand (1898)
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◻ Lessons from Biological Systems:

%ofmotor cortex for hand
control:

Human 30% ∼ 40%

Monkey 20% ∼ 30%

Dog < 10%
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Goal: A manipulation theory for robotic hand based on physical
laws and rigorous mathematical models!
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◻ Contact Models:

1 Frictionless Point Contact (FPC)

Fi =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0
0
1
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
xi, xi ≥ 0

2 Point Contact with friction (PCWF)

Fi =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
xi , xi ∈ FCi

FCi = {xi ∈ R
3 ∶ √x2i,1 + x2i,2 ≤ µixi,3 , xi,3 ≥ 0}

µi: Coulomb coe.cient of friction

goci

gpo

P

O
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z
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3 So/ 0nger contact (SFC)

Fi =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0
0 0 0 0
0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
xi, xi ∈ FCi

surface

object

friction

cone

Elliptic Model:

FCi = {xi ∈ R
4∣xi,3 ≥ 0,

√
1

µ2
i

(x2i,1 + x2i,2) + 1

µ2
it

x2i,4 ≤ xi,3}
Linear Model:

FCi = {xi ∈ R
4∣xi,3 ≥ 0,

1

µi

√
x2i,1 + x2i,2 + 1

µit
∣xi,4∣ ≤ xi,3}

µit: Torsional coe.cient of friction
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Fi = Bi ⋅ xi, xi ∈ FCi, Bi ∈ R
6×mi : wrench basis

Property 1:

1 FCi is a closed subset of R
mi , with nonempty interior.

2 ∀x1, x2 ∈ FCi, αx1 + βx2 ∈ FCi,∀α , β > 0

◻!e Grasp Map:
1 Single contact:

Fo = AdTg−1oci
Fi = [ Roci 0

p̂ociRoci Roci
]

/0000000000000000000000000000000000000000000010000000000000000000000000000000000000000000002
Gi

Bixi , xi ∈ FCi,Gi = AdTgoci−1
Bi

2 Multi0ngered grasp:

Fo =
k

∑
i=1

Gixi = [AdTgoc1−1B1, . . . , Ad
T
gock−1

Bk] [ x1x2⋮
xk

] ≜ G ⋅ x
x ∈ FC ≜ FC1 ×⋯FCk ⊂ R

m,m =
k

∑
i=1

mi
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De$nition: Grasp(G, FC) is called a grasp.

⋯Ck

C2

C1

o
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◇ Example: Grasp map of frictionless point contact

Fo = [ Rci 0
p̂ciRci Rci

]
⎡⎢⎢⎢⎢⎢⎢⎢⎣

0
0
1
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
xi = [ nci

pci × nci ] xi, xi ≥ 0

⇒ Fo = [ nc1 . . . nck
pc1 × nc1 . . . pcknck

] [ x1⋮
xk

] = Gx
Fo ∈ R

6, x ≥ 0.
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◇ Example: So# $nger grasp of a box

Rc1 = [ 0 1 0
0 0 1
1 0 0

] ,
pc1 = [ 0−r

0
] ,

Rc2 = [ 1 0 0
0 0 −1
0 1 0

] ,
pc2 = [ 0

r
0

] ,

x z y

xy x

z y z

Gi = [ Roci 0
p̂ociRoci Roci

]
⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0
0 0 0 0
0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
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G =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 0 1 0 0 0
0 0 1 0 0 0 −1 0
1 0 0 0 0 1 0 0−1 0 0 0 0 r 0 0
0 0 0 1 0 0 0 −1
0 r 0 0 −r 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
x = [ x1,1 x1,2 x1,3 x1,4 x2,1 x2,2 x2,3 x2,4 ] ∈ R

8

FC = FC1 × FC2

FCi = {xi ∈ R
4 ∣

√
1

µi
(x2i,1 + x2i,2) + µitx2i,4 ≤ xi,3 , xi,3 ≥ 0} , i = 1, 2
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◻ Friction Cone Representation:

FPC Pi(xi) = [xi]
PCWF Pi(xi) = [ µixi,3 + xi,1 xi,2

xi,2 µixi,3 − xi,1 ]
SFC Pi(xi) = [ xi,3 + xi,1/µi xi,2/µi − jxi,4/µit

xi,2/µi + jxi,4/µit xi,3 − xi,1/µi ] , j2 = −1
P(x) ≜ Diag(P1(xi), . . . , Pk(xk)) ∈ R

m̄×m̄ (m̄ = 2k)
x = (x1 , . . . , xm)T = (xT1 , . . . , xTk ) ∈ R

m
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Property 2:

1 Pi = PTi , P = P
T

2 xi ∈ FCi (or x ∈ FC)⇔ Pi(xi) ≥ 0 (or P(x) ≥ 0)
3 xi ∈ FCi⇔ Pi(xi) = S0i0

=0

+∑mi
j=1 S

j
ixi,j ≥ 0, S

j
i

T
= Sji, j = 1, . . . ,mi

x ∈ FC⇔ P(x) = S00
=0

+∑m
i=1 Sixi ≥ 0, STi = Si, i = 1, . . . ,m

4 LetQ(x) = S00
=0

+∑m
i=1 xiSi, S

T
i = Si, then

AQ = {x ∈ R
m∣Q(x) ≥ 0} and BQ = {x ∈ R

m∣Q(x) > 0} are
both convex.
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Proof of Property 2:
For PCWF,

σ(Pi) = µixi,3 ±√
x2i,1 + x2i,2

,us,

xi ∈ FCi⇔ xi,3 ≥ 0,
√

x2i,1 + xi,2 ≤ µixi,3
⇔ σ(Pi) ≥ 0

⇔ Pi ≥ 0
Furthermore,

Pi(xi) = [ 1 0
0 −1 ] xi,1 + [ 0 1

1 0 ] xi,2 + [ µi 0
0 µi

] xi,3
Exercise: Verify this for SFC.
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◻ Force Closure:
De$nition:
A grasp (G, FC) is force closure if ∀Fo ∈ R

p (p = 3 or 6), ∃x ∈ FC,
s.t. Gx = Fo

Problem 1: Force-closure Problem
Determine if a grasp (G, FC) is force-closure or not.
Problem 2: Force Feasibility Problem
Given Fo ∈ R

p, p = 3 or 6, determine if there exists x ∈ FC s.t.
Gx = Fo

Problem 3: Force Optimization Problem
Given Fo ∈ R

p, p = 3 or 6, 0nd x ∈ FC s.t. Gx = Fo and xminimizes
Φ(x).
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De$nition: internal force
xN ∈ FC is an internal force if GxN = 0 or xN ∈ (kerG ∩ FC).

Property 3: (G, FC) is force closure i+ G(FC) = R
p and

∃xN ∈ kerG s.t. xN ∈ int(FC).
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Proof of Property 3:
Su.ciency:

For Fo ∈ R
p, let x′ be s.t. Fo = Gx′. Since limα→∞

x′+αxN
α = xN ∈

int(FC), there ∃α′, su.ciently large, s.t.

x′ + α′xN
α′

∈ int(FC) ⊂ FC
⇒ x = x′ + α′xN ∈ int(FC)
⇒ Gx = Gx′ = Fo
Necessity:
Choose x1 ∈ int(FC) s.t. Fo = Gx1 ≠ 0, and choose x2 ∈ FC s.t.
Gx2 = −Fo. De0ne xN = x1 + x2,GxN = 0⇒ xN ∈ int(FC)
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◻ Solutions of the force-closure and the
force-feasibility problems (P1&P2):
♢ Review:
Proposition: Linear matrix inequality (LMI) property
Given Q(x) = S0 +∑m

l=1 xlSl, where Sl = S
T
l , l = 0, . . . ,m, the sets

AQ = {x ∈ R
m∣Q(x) ≥ 0} and BQ = {x ∈ R

m∣Q(x) > 0} are convex.
♢ Review:
LMI Feasibility Problem:
Determine if the set AQ or BQ is empty or not.
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♢ Review:
Convex constraints on x ∈ R

m (e.g., linear, (convex) quadratic, or
matrix norm) can be transformed into LMI’s.

x = [ x1⋮
xm

] ≥ 0⇔ diag(x) ≥ 0

For A ∈ R
n×m , b ∈ R

n, d ∈ R,

∥Ax + b∥ ≤ CTx + d⇔ [ (CTx + d)I Ax + b(Ax + b)T CTx + d ] ≥ 0

♢ Review: Condition on force-closure

1 Rank(G) = 6

2 xN ∈ R
m, P(xN) > 0 and GxN = 0

Let V = [v1 ,⋯, vk] whose columns are the basis of kerG
xN = Vw,w ∈ R

k

P̃(w) = P(Vw) = ∑k
l=1wlS̃l , S̃l = STl , l = 1, . . . , k
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♢ Review:
Proposition:Given Q(x) = S0 +∑m

i=1 xlSl, where Sl = S
T
l ,

l = 0, . . . ,m. Let x = Az + b where A ∈ R
m×n, b ∈ R

m, then
Q̃(z) = Q(Az + b) = S̃0 +∑n

l=1 zlS̃l, where S̃l = S̃
T
l , l = 0, . . . , n

&eorem 1:

(G, FC) is force-closure i+ BP̃ = {w ∈ R
k∣ k

∑
l=1

wlS̃l > 0} is
non-empty.

● Force feasibility Problem
Gx = Fo ⇒ xo =G†

,
generalized inverse

Fo (may not lie in FC)

x = G†Fo + Vw, span(V) = kerG,
P̄(w) = P(G†Fo +Vw)

= S̄0 + k

∑
l=1

S̄lwl , where S̄l = STl , l = 0, . . . , k
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&eorem 2:
,e force-feasibility problem for a given Fo ∈ R

6 is solvable i+
AP̄(w) = {w ∈ R

k∣S̄0 +∑k
l=1 S̄lwl > 0} is non-empty.

♢ Review: LMI Feasibility Problem as Optimization
Problem

Q ≥ 0⇔ ∃t ≤ 0 s.t. Q + tI ≥ 0

⇔ t ≥ −λmin(Q)
⇔ λmin(Q) ≥ 0

Problem 2′: min t

subject toQ(x) + tI ≥ 0
If t∗ ≤ 0, then the LMI is feasible.
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◻ Constructive force-closure for PCWF:

G = [ nc1 . . . nck
pc1 × nc1 . . . pck × nck

] , FC = {x ∈ R
k∣xi ≥ 0}

G(FC) = R
6⇔ Positive linear combination of column ofG = R

6

De$nition:

v1, . . . , vk, vi ∈ R
p is positively dependent if ∃αi > 0 such that

∑ αivi = 0

v1, . . . , vk, vi ∈ R
n positively span R

n if ∀x ∈ R
n, ∃αi > 0, such

that∑ αivi = x

De$nition:

A set K is convex if ∀x, y ∈ K , λx + (1 − λ)y ∈ K, λ ∈ [0, 1]
Given S=v1, . . . , vk, vi ∈ R

p, the convex hull of S:
co(S) = {v = ∑ αivi,∑αi = 1, αi ≥ 0}
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Property 4:
Let G = {G1 , . . . ,Gk}, the following are equivalent:

1 (G, FC) is force-closure.
2 ,e columns of G positively span R

p, p = 3, 6

3 ,e convex hull of Gi contains a neighborhood of the origin.

4 ,ere does not exist a vector v ∈ R
p, v ≠ 0 s.t.

∀i = 1, . . . , k, v ⋅Gi ≥ 0

(a)

v4v6

v5

co(S) v3

v1

v2

(b)

separating
c hyperplane
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◻ Surface Model:

c ∶ U ⊂ R
2 → R

3, c(U) ⊂ S

cu =
∂c

∂u
∈ R

3

cv =
∂c

∂v
∈ R

3

O

∂c

∂u

c

R2

u

v

First Fundamental form: Ip = [ cTu cu cTu cv
cTv cu cTv cv

]
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Orthogonal Coordinates Chart: cTu cv = 0 (assumption)

Ip = [ ∥cu∥2 0
0 ∥cv∥2 ] =Mp ⋅Mp

Metric tensor:

Mp = [ ∥cu∥ 0
0 ∥cv∥ ]

Gauss map:

N ∶ S → s2 ∶ N(u, v) = cu × cv∥cu × cv∥ ∶= n
2nd Fundamental form:

IIp = [ cTunu cTunv
cTv nu cTv nv

] , nu = ∂n

∂u
, nv =

∂n

∂v
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Curvature tensor:

Kp =M−Tp IIpM
−1
p =
⎡⎢⎢⎢⎢⎣

cTu nu
∥cu∥2

cTu nv
∥cu∥∥cv∥

cTv nu
∥cu∥∥cv∥

cTv nv
∥cv∥2

⎤⎥⎥⎥⎥⎦
Gauss frame:

[x, y, z] = [ cu
∥cu∥

cv
∥cv∥

n ] ,Kp = [ xT

yT
] [ nu

∥cu∥
nv
∥cv∥ ]

Torsion form:
Tp = yT [ xu

∥cu∥
xv
∥cv∥ ](Mp,Kp ,Tp):Geometric parameter of the surface.
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◇ Example: Geometric parameters of a sphere in R3

c(u, v) = [ ρ cosu cos v
ρ cosu sin v

ρ sinu
]

U = {(u, v)∣ − π
2 < u <

π
2 ,−π < v < π}

cu = [ −ρ sinu cos v−ρ sinu sin v
ρ cos v

]
cv = [ −ρ cosu sin v

ρ cosu cos v
0

]
v

yx

z

u

cTu cv = 0

K =
⎡⎢⎢⎢⎣

1
ρ 0

0 1
ρ

⎤⎥⎥⎥⎦,M = [ ρ 0
0 ρ cosu ], T = [ 0 tan v

ρ ]
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◻ Gauss Frame:

ψ
∂cf

∂uf

O

F

∂co

∂uo

no

goc(t) ∈ SE(3)
Vb
oc =?

poc(t) = p(t) = c(α(t)),Roc (t) = [x(t), y(t), z(t)] = [ cu
∥cu∥

cv
∥cv∥

cu×cu
∥cu×cv∥

]
voc = RT

ocṗoc(t) =
⎡⎢⎢⎢⎢⎣

xT

yT

zT

⎤⎥⎥⎥⎥⎦
∂c
∂α

α̇ =
⎡⎢⎢⎢⎢⎣

xT

yT

zT

⎤⎥⎥⎥⎥⎦ [
cu cv ] α̇ = [ ∥cu∥ 0

0 ∥cv∥
0 0

] = [ Mα̇
0 ]

ω̂oc = RT
pcṘoc =

⎡⎢⎢⎢⎢⎣
xT

yT

zT

⎤⎥⎥⎥⎥⎦ [
ẋ ẏ ż ] = ⎡⎢⎢⎢⎢⎣

0 xT ẏ xT ż
yT ẋ 0 yT ż
zTẋ zT ẏ 0

⎤⎥⎥⎥⎥⎦
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yTẋ = yT[xu xv]α̇ = TMα̇

[ xTż
yTż

] = [ xT

yT
] ż = [ xT

yT
] [ nu nv ] α̇ = KMα̇

ω̂oc =
⎡⎢⎢⎢⎢⎣

0 −TMα̇
TMα̇ 0 KMα̇

−(KMα̇)T 0

⎤⎥⎥⎥⎥⎦
,

voc = [ Mα̇
0 ]
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◻ Contact Kinematics:

pt ∈ S0 ↦ pf (t) ∈ Sf
Local coordinate:

c0 ∶ U0 ⊂ R
2 → S0

cf ∶ Uf ⊂ R
2 → Sf

α0(t) = c−10 (p0(t))
αf (t) = c−1f (pf (t))

Angle of contact: ϕ

ψ
∂cf

∂uf

O

F

∂co

∂uo

no

Contact coordinates: η = (αf , α0, ϕ)
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Rotation about the z-axis of Co by −ϕ aligns the x axis of Cf with
that of Co

⇒ Rcocf = [ cos ϕ − sin ϕ 0− sin ϕ − cos ϕ 0
0 0 −1 ] , pcocf = 0 ∈ R

3

Angle of contact.

ox

oz

oy

fx
fy

fz

ox

oz

oy

fx
fy

fz

ϕ



Chapter 5
Multifingered
Hand
Modeling and
Control

Introduction

Grasp Statics

Kinematics of
Contact

Hand
Kinematics

Grasp
Planning

Grasp Force
Optimization

Coordinated
Control

5.3 Kinematics of Contact
Chapter 5 Multifingered Hand Modeling and Control

37

De&ne L0(τ):
At τ = t, L0(τ) coincide with the Gauss frame at p0(t).

Lf (τ) ∶ coincide with Cf (t) at τ = t
vl0 lf = (vx , vy, vz),
ωl0 lf = (ωx ,ωy,ωz),

[ ωxωy ] ∶ Rolling velocities
[ vxvy ] ∶ Sliding velocities

vz ∶ Linear velocity in the normal direction

Vl0lf = Adgflf
Vof ∶ Velocity of the &nger relative to the object

Lo(τ2)

Lo(τ1)

Lo(t) = C
O
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De&ne:K̃0 = RϕK0Rϕ ∶Curvature of O relative to Cf

Kf + K̃0 ∶ Relative Curvature.
&eorem 3: Montana Equations of contact

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

α̇f =M−1f (Kf + K̃o)−1 ([ −ωy
ωx

] − K̃o [ vxvy ])
α̇o =M−1o R(Kf + K̃o)−1([ −ωy

ωx
] + K̃f [ vxvy ])

ψ

ψ̇ = ωz + TfMf α̇f + ToMoα̇o

vz = 0
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Proof of &eorem 3:

Vf lf = 0

Vf cf = Adg−1lf cf

Vf lf +Vlf cf = Vlf cf

Voco = Adg−1
lo co

Volo +Vloco = Vloco

ooofffz ol fl

oc fc

O
f

(1)

(2)
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(1). At time t, Plf cf = 0 , Rlf cf = I ⇒ Vlocf = Vlolf +Vlf cf

(2) pcocf = 0 ⇒ Vlocf = [ RT
cocf

0

0 RT
cocf

]Vloco +Vcocf

⇒ Vlolf +Vf cf = [ RT
cocf

0

0 RT
cocf

]Voco +Vcocf

pcocf = 0 ⇒ Vcocf = 0 Rcocf = [ Rψ 0
0 −1 ] ⇒ ωcocf = [ 0

0
ψ̇

]

Vlolf =

⎡⎢⎢⎢⎢⎢⎢⎣

vxvy
vzωxωy
ωz

⎤⎥⎥⎥⎥⎥⎥⎦
,Vfcf
= [ Mf α̇f

0 ]

ω̂f cf =
⎡⎢⎢⎢⎢⎣

0 −TfMf α̇f
TfMf α̇f 0 KfMf α̇f

−(KfMf α̇f )T 0

⎤⎥⎥⎥⎥⎦
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voco = [ Moα̇o
0 ] , ω̂oco =

⎡⎢⎢⎢⎢⎣
0 −ToMoα̇o

ToMoα̇o 0 KoMoα̇o

−(KoMoα̇o)T 0

⎤⎥⎥⎥⎥⎦
Linear component: [ Mf α̇f

0 ] + [ vxvy
vz

] = [ RψMoα̇o
0 ]

[ KfMf α̇f
TfMf α̇f

] + [ ωy−ωxωz
] = [ 0

0
ψ̇

] − [ RψKoMoα̇o
ToMoα̇o

]
⇒ ,eorem result
Corollary: Rolling contact motion.

α̇f =M−1f (Kf + K̃o)−1 [ −ωy
ωx

] α̇o =M−1o Rψ

(Kf + K̃o)−1 [ −ωy
ωx

] ψ̇ = TfMf α̇f + ToMoα̇o
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◇ Example: A sphere rolling on a plane

cf (u, v) = [ ρ cosuf cos vf
ρ cosuf sin vf

ρ sinuf
]

co(u, v) = [ uovo
0

]
O

F

Ko = [ 0 0
0 0 ] ,Kf =

⎡⎢⎢⎢⎣
1
ρ 0

0 1
ρ

⎤⎥⎥⎥⎦
Mo = [ 1 0

0 1 ] ,Mf = [ ρ 0
0 ρ ] ,

To = [ 0 0 ] ,Tf = [ 0 − 1
ρ tanuf ]
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⎡⎢⎢⎢⎢⎢⎢⎢⎣

u̇f
v̇f
u̇o
v̇o
ψ̇

⎤⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎣

0
secuf−ρ sinψ−ρ cosψ− tanuf

⎤⎥⎥⎥⎥⎥⎥⎦
ωx +

⎡⎢⎢⎢⎢⎢⎢⎣

−1
0−ρ cosψ

ρ sinψ
0

⎤⎥⎥⎥⎥⎥⎥⎦
ωy

η̇ = g1(η) ωx7
u1(t)
+g2(η) ωy7

u2(t)
(∗)

Q:Given η0, ηf , how to &nd a path u:o[0, T]→ R
2

so that solution of (*) links η0 to ηf ?
A question of nonholonomic motion planning!
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gpo = gpfi(θi)gfi lfi glfi loi gloi
Vpo = Adg−1

fi o
Vpfi +Adg−1loi o

Vlfi loi

Adgloi o
Vpo = Adg−1

fi loi

Vpfi +Vlfi loi

PCWF: Vz = 0 ⇒ [0 0 1 0 0 0]Vlfi loi
= BT

i Vlfi loi
= 0

BT
i Adgloi o

Vpo = Adgfi loiVpfi6
Ji(θ i)θ̇ i
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⎡⎢⎢⎢⎢⎢⎣

BT
1 Adgloi o⋮

BT
kAdglok o

⎤⎥⎥⎥⎥⎥⎦
Vpo =

⎡⎢⎢⎢⎢⎢⎣
Adg−1

fi lo1

J1(θ1) ⋱
Adg−1

fk lok

Jk(θk)
⎤⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎣
θ̇1⋮̇
θk

⎤⎥⎥⎥⎥⎦
GT(η)Vpo = Jh(θ , x0 , η)θ̇

θ = (θ1, . . . , θk) ∈ R
n, n =

k

∑
i=1

ni , Jh ∈ R
m×n: Hand Jacobian

De$nition:Ω = (G, FC, Jh) is called a multi$ngered grasp.

JT
h

θ̇

τ fc

ẋc

finger contact object

velocity

domain

force

domain
Fo

V b
po

Jh GT

G
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De$nition:
Amulti&ngered grasp Ω = (G, FC, Jh) is manipulable at a
con&guration (θ , x0) if for any object motion, Vpo ∈ R

6, ∃θ̇ ∈ R
n

s.t. GTVpo = Jhθ̇.

Proposition:
Γ is manipulable at (θ , x○) i) Im(GT) ⊂ Im(Jh(θ , x0))

not manipulable

force closure not force-closure not force-closure
not manipulable manipulable
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Table 5.4: Grasp properties.

Property Definition Description

Force-closure Can resist any applied
wrench

G(FC) = Rp

Manipulable Can accommodate any
object motion

R(GT ) ⊂ R(Jh)

Internal forces Contact forces fN which
cause no net object
wrench

fN ∈ N (G) ∩ int(FC)

Internal motions Finger motions θ̇N

which cause no object
motion

θ̇N ∈ N (Jh)

Structural forces Object wrench FI which
causes no net joint
torques

G+FI ∈ N (JT
h )
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◇ Example: Two SCARA $ngers grasping a box

So* &nger

G =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 0 1 0 0 0
0 0 1 0 0 0 −1 0
1 0 0 0 0 1 0 0−r 0 0 0 0 +r 0 0
0 0 0 1 0 0 0 −1
0 +r 0 0 −r 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

Bci =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0
0 0 0 0
0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
Rpo = I, ppo = [ 0

0
a

]
a

P

O

2r

b

S2

b

x

y

C1

C2

y

x
z

z

x

y y

x

z z

l1

l3

S1

l2
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Jh = [ J11 0
0 J22

]
J11 =
⎡⎢⎢⎢⎢⎣

0 0 0 1−b + r −b + r + l1c1 −b + r + l1c1 + l2c12 0
0 l1s1 l1s1 + l2s12 0
0 0 0 0

⎤⎥⎥⎥⎥⎦
J22 =

⎡⎢⎢⎢⎢⎣
b − r b − r + l3c3 b − r + l3c3 + l4c34 0
0 0 0 1
0 −l3s3 −l3s3 − l4s34 0
0 0 0 0

⎤⎥⎥⎥⎥⎦
,e grasp is not manipulable, as

GT

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
0
1
0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
1
0
0
0−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ Im(Jh), θ̇N1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
1
0
0
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, θ̇N2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
0
0
0
1
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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◻ Bounds on number of required contacts:
Consider PCWF, let

⋀(Σ) = {[ nci
pci × nci ]∣ ci ∈ Σ}

be the set of all wrenches, where nci is
inward normal.

O

Σ = ∂O

De$nition: Exceptional surface
,e convex hull of⋀(Σ) does not contain a neighborhood of o in
R
p.

E.g. a Sphere or a circle.
&eorem 4: Caratheodory

If a set X = (v1 , . . . , vk) positively spans R
p, then k ≥ p + 1
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⇒ Lower bound on the number of &ngers.

v2

v1

v4 v3

v5

v2

(a) (b) (c)

v1

v3

v5

v2

v1

v4 v3

Figure 5.11: Sets of vectors which positively span R2.

&eorem 5: Steinitz
If S ⊂ R

p and q ∈ int(co(S)), then there exists
X = (v1, . . . , vk) ⊂ S such that q ∈ int(co(X)) and k ≤ 2p.

⇒ upper bound on the number of minimal &ngers.



Chapter 5
Multifingered
Hand
Modeling and
Control

Introduction

Grasp Statics

Kinematics of
Contact

Hand
Kinematics

Grasp
Planning

Grasp Force
Optimization

Coordinated
Control

5.5 Grasp Planning
Chapter 5 Multifingered Hand Modeling and Control

52

Table 5.3: Lower bounds on the number of fingers required to grasp an
object.

Space Object type Lower Upper FPC PCWF SF
Planar Exceptional 4 6 n/a 3 3

(p = 3) Non-exceptional 4 3 3

Spatial Exceptional 7 12 n/a 4 4
(p = 6) Non-exceptional 12 4 4

Polyhedral 7 4 4

◻ Constructing force-closure grasps:
&eorem 1: Planar antipodal grasp

A planar grasp with two point contacts with friction is
force-closure i) the line connecting the contact point lies inside
both friction cones.
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&eorem 2: Spatial antipodal grasps
A spatial grasp with two so*-&nger contacts is force-closure i)

the line connecting the contact points lies inside both friction
cones.
Problem 4: Optimal Grasp Synthesis
Plan a set of contact points on the object so that (G, FC) is force
closure and optimal in some sense.

◻ Idea: construct a quality function:

ψ ∶ α = [ α1⋮
αk

] ∈ R
2k → R

with computable gradient such that the
optimal solution of ψ is also force clo-
sure.
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◻ Grasp quality functions:

1 Two-&nger grasps (Hong et al 90 & Chen and Burdick 93)

E =
1

2
∥X(αo1) − X(αo2)∥2

Solution: antipodal grasp
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2 ,ree-&ngered grasps of spherical objects

E =
1

4
(∥X(αo3) − X(αo1)∥2∥X(αo3) −X(αo2)∥2

− ((X(αo3) − X(αo1)) ⋅ (X(αo3) − X(αo2)))2)
Solution: symmetric grasp

Problem: not general w.r.t. no. of &ngers and object geometry
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3 Max-transfer problem (Ferrari and Canny 92)

α⃗o = (αT
o1,⋯, αT

ok)T
g0(α⃗o) = min∥Fo∥=1max

Gx = Fo ,

P(x) ≥ 0

1

∥x∥
Grasp map G(α⃗o)Finger force x Object wrench Fo

Problem: Computational di.culties.
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4 Min-analytic-center problem:

Analytic center x∗:
(Boyd et. al. 1996)

min
x

log detP(x)−1
s.t. Gx = F

P(x) > 0
Interpretation: the grasping force x which is farthest from the
boundary of the friction cone.

g(α⃗o) = max
FTo AFo=1

min
Gx = Fo ,

P(x) > 0

log detP(x)−1

A: Task requirement
Interpretation: optimize worst case analytic center.
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◻ Simpli$cation for real-time optimization:

Center of FC: L = {ξt∣ξ = (0, 0, 1,⋯, 0, 0, 1)T , t > 0}(PCWF)
L = {ξt ∣ξ = (0, 0, 1, 0,⋯, 0, 0, 1, 0)T , t > 0}(SFCE)

Solution set: A) = {x∣Gx = fo}
x∗ ≈ the intersection point between A) and L.

x∗ ≈ ξ√
ξTGTAGξ

,

ψ(α⃗o) ≈ log
(ξTGTAGξ)k

Πk
i=1µ

2
i

Problem 4: (simpli$ed)
Find α⃗o s.t. it minimizes ψ1(α⃗o) = ξTGTAGξ

Note: Optimization of ψ1 leads to antipodal and symmetric grasps,
respectively.
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◻ Simulation results:
◇ Example: A 3-$ngered hand manipulating an ellip-
soid

Minimize ψ(α⃗o)
C(αoi) = [ a cosuoi cos voi

b cosuoi sin voi
c sinuoi

]
c = 3a = 3b = 3
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Initial contacts (not force closure)

αo1 = (0, 0)T
αo2 = (0, π/4)T
αo3 = (π/8,−π/4)T

Advantages of the quality function approach:

Objects with arbitrary geometry

Arbitrary number of &ngers

Ability for real-time contact points servoing
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◻ Grasping Force Optimization:
Problem 5:
Given Fo ∈ R

p, &nd x ∈ FC s.t. Gx = Fo and xminimizes some
suitable cost function.

Other Applications

1 Optimal force distribution for multilegged robots;

2 Force control for cable-driven parallel robots

Legged robot parallel robot
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◻Wrench balance constraint:

Gx = Fo = (fo1 , . . . , fo6)T ⇔ Tr(BiP(z)) = foi , i = 1, . . . , 6 (∗)
ΩP is convex (intersection of a convex cone with a convex hyper-
plane)

Sketch of Proof for (∗)
R

2k×2k ↦ P(x) = [ S11 ⋱
0

]x1 + [ S21 ⋱
0

] x2
+ [ S31 ⋱

0
] x3 +⋯+ [ 0 0⋱

0 Ssk
] xm,m = 3k

S11 = [ 1 0
0 −1 ] , S21 = [ 0 1

1 0 ] , S31 = [ µ1 0
0 µ1

]
Gx = F0 ⇒ [ G11 ⋯ G1m⋮ ⋱ ⋮

G61 ⋯ G6m

][ x1⋮
xm

] = [ fo1⋮
fo6

]
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⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Tr(B1P(x)) = fo1

⋮
Tr(B6P(x)) = fo6

,B1 =
⎡⎢⎢⎢⎢⎣
B1
1 0⋱
0 Bk

1

⎤⎥⎥⎥⎥⎦ ∈ R
2k×2k

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Tr(B1
1S

1
1) = G11

Tr(B1
1S

2
1 ) = G12

Tr(B1
1S

3
1) = G13

,B1
1 = [ b11 b12

b12 b22
] ⇒

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

b11 − b22 = G11

2b12 = G12

b11 + b22 = G13

µ1

⇒ B1
1 =

⎡⎢⎢⎢⎣
1
2(G11 + G12

µ1
) G12

2
G12
2

1
2(G13

µ1
−G11)

⎤⎥⎥⎥⎦
,e rest of Bi

1, i = 2, . . . , k and thus Bi
j, j = 2, . . . , 6 can be &gured

out in a similar manner.
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◻Wrench balance constraint (continued):

ΩP = {x ∈ R
n∣P(x) > 0, Tr(BiP) = foi , i = 1, . . . , 6}

ΩP is convex (intersection of a convex cone with a convex hyper-
plane)

Problem 3 (a): Max-det Problem
minΦ(P) = Tr(CP) + log detP−1

subject to Tr(BiP) = foi, i = 1, . . . , 6

P > 0
or

minΦ(z) = CTz + log detP−1(z)
subject to Gx = Fo

P(x) = S0 +∑m
i=1 xiSi > 0, i = 1, . . . ,m

ci = Tr(CSi)



Chapter 5
Multifingered
Hand
Modeling and
Control

Introduction

Grasp Statics

Kinematics of
Contact

Hand
Kinematics

Grasp
Planning

Grasp Force
Optimization

Coordinated
Control

5.6 Grasp Force Optimization
Chapter 5 Multifingered Hand Modeling and Control

65

Con&guration space Sn++ = {P ∈ R
n×n∣PT = P, P > 0}: Riemannian

manifold of dimension n(n+1)
2

TpS
n
++ = {ξ ∈ R

n×n∣ξT = ξ} = Sn: n × n symmetric
matrices.

Euclidean metric ⟨, ⟩ ∶ TpS
n
++ × TpS

n
++ ↦ R

n, (ξ, η)↦ Tr(ξη)
◇ Example: S2++ = {P ∈ R

2×2∣P = PT ,P > 0}

{P = [ P11 P12
P12 P22

]∣P > 0} ⇔ P11 > 0, P11P22 − P2
12 > 0

⇒ {P∣P > 0} ≅ {[ P11
P12
P22

] ∈ R
3∣P11 > 0, P11P22 − P2

12 > 0}: open set

in R
3

TPS
2
++ = {B ∈ R

2×2∣B = BT}: vector space of dimension 3.≪ B,C ≫= Tr(BC) = b11c11 + b12c12 + b12c12 + b22c22
Dimension of Sn: n

2−n
2 + n = n2+n

2
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◇ Example: Sn = T ⊕ T⊥

Assumption: {Bi}, i = 1, . . . , 6 are linearly independent. By
Gram-Schmidt process, orthonormalize the Bi’s if necessary.

,us Tr(BiBj) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

1,i = j
0,i ≠ j

Let T = {η ∈ Sn∣Tr(Biη) = 0, i = 1, . . . , 6} be the subspace of
constrained velocities, with dim(T) = 1

2n(n + 1) − 6 (dimTqQ)
T⊥ = span{B1 , . . . ,B6} (TqQ

⊥)

Property 6:

Φ(P) is a convex function
Ωz is a convex set
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LetQ ∈ Sn++ be s.t. P = Q
2, P(t) = QeQ−1 ξtQ−1Q satis&es:

P(0) = P, Ṗ(0) = ξ
⇒ DΦ(p)(ξ) = d

dt
∣
t=0

Φ(P(t)) = Tr(Cξ) − Tr(P−1ξ)
where the second term follows from:
d

dt
∣
t=0

log detP−1(t) = − d

dt
∣
t=0

log detP(t)
= − d

dt
∣
t=0
(log detQ + log det eQ−1 ξtQ−1)

= − d

dt
∣
t=0

log eTr(Q−1 ξtQ−1)

= − d

dt
∣
t=0

Tr(Q−1ξtQ−1) = −Tr(Q−1ξQ−1) = −Tr(P−1ξ)
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⇒ ∇Φ(P) ∈ Sn is de&ned by
Tr(∇Φ(P)ξ) = DΦ(P)(ξ),∀ξ ∈ Sn

⇒ ∇Φ(P) = C − P−1

Π ∶ Sn ↦ T ∶ ∇Φ(P) ↦ ∇TΦ(P)
∇TΦ(P) = C − P−1 − 6

∑
i=1

γiBi,

γi = Tr(Bi(C − P−1)), i = 1, . . . , 6
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Constraint subspace: T = {η ∈ Sn∣Tr(Biη) = 0, j = 1, . . . , 6}
Euclidean gradient: ∇TΦ(P) = C − P−1 − 6

∑
i=1

γiBi

γi = Tr(Bi(C − P−1))
◻ Computation of D2ϕ(P):

Consider the curve P(t) = QeQ
−1ηtQ−1 , P(0) = Q2 = Γ, Ṗ(0) = η.

,en,

D2ϕ(Γ)(ξ, η) = d

dt
∣
t=0

Dϕ(P(t))(ξ) = Tr(Γ−1ξΓ−1η),∀ξ, η ∈ Sn
and D2ϕ(P)(ξ, ξ) = Tr(Γ−1ξΓ−1ξ) > 0,∀ξ ≠ 0⇒ ϕ(⋅) is a convex function. De&ne ≪ ξ, η ≫g= Tr(Γ−1ξΓ−1η)



Chapter 5
Multifingered
Hand
Modeling and
Control

Introduction

Grasp Statics

Kinematics of
Contact

Hand
Kinematics

Grasp
Planning

Grasp Force
Optimization

Coordinated
Control

5.6 Grasp Force Optimization
Chapter 5 Multifingered Hand Modeling and Control

70

Algorithm 1: Dikin-type Euclidean algorithm (BFM98)

Pk+1 = Pk − αk
∇TΦ(Pk)∥∇TΦ(Pk)∥M ,

∥∇TΦ(Pk)∥g =
√

Tr(P−1k ∇TΦ(Pk)P−1k ∇TΦ(Pk))
Pk > 0, αk ∈ [0, 1)⇒ Pk+1 > 0

Using line-search method for the optimal α∗k
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Algorithm 2: Newton algorithm with estimated step size
(HHM02)

Pk+1 = Pk − αk(D2Φ(Pk))−1∇TΦ(Pk) = Pk − αk∇TΦ(Pk)
αk =

1 + 2λ(Pk) −√
1 + 4λ(Pk)

2(λ(Pk))2 , λ(Pk) =√
Tr(∇TΦ∇TΦ)

◻ LMI Model:

P = P0 + P1x1 +⋯+ Pmxm ≥ 0

Elimination of linear constraints G ⋅ x = Fo
x = G†Fo +Vy, y ∈ R

m−6,GV = 0
P = P̃(y) = P̃0 + P̃1y1 +⋯+ P̃m−6ym−6 ≥ 0
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Algorithm 3: Interior point algorithm (HTL00)

minΨ(y) = CTy + log det P̃(y)−1
subject to P̃(y) ∈ R

n×n = P̃0 + P̃1y1 +⋯+ P̃m−6ym−6 ≥ 0

F(y) = F0 + F1y1 +⋯+ Fm−6ym−6 > 0

cj = Tr(CP̃j), j = 1, . . . ,m − 6

Choose Fi s.t. diag(P̃i , Fi)’s are linearly independent for
i = 1, . . . ,m − 6 (e.g. F0 = 1, Fi = 0, i ≥ 1)

1 Solved e.ciently using Interior Point Algorithm

2 Polynomial-type algorithms w.r.t. the problem dimension (i.e.
m − 6, n)
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◻ Initial Point Computation:
Problem 5:
Find an initial point x or y such that P(x) > 0 or P̃(y) > 0

[HTL00]
min eTz = zm−6+1(e = [0⋯0 1]T)

subject to P̃(z) = 1 ≥ 0

F(z) = P̃0 + P̃1z1 +⋯P̃m−6zm−6 + Izm−6+1 ≥ 0
Solved using the Interior Point Algorithm with initial point z =[0,⋯,−λmin(P̃0) + β]T , β > 0.
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◻ Algorithm analysis& evaluation:
Property 8:Quadratic convergence property

d(Pk+1 , P∗) ≤ d2(Pk , P∗)
!

!
!

!
!

!
!

!
!

!
!

!

algorithms
platform

No. of iteration SUN Ultra 60, UNIX

Algorithm 1 (BFM 98) 5 2s/1000 times
Algorithm 2 (HHM 02) 6 3s/1000 times
Algorithm 3 (HTL 00) 2 2s/1000 times
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◻ Coordinated Motion Generation:
Problem 6: Coordinated $nger motion generation
Given desired object velocity Vpo ∈ R

6 , &nd &ngertip velocity
Vpfi ∈ R

6 , that satis&es the non-slippage and the force closure
constraints.

Kinematics

gpo = gpfi ⋅ gfilfi ⋅ glfi loi ⋅ gloi o
Vpo = Ad−1gfi oVpfi +Ad−1gloi oVlfiloi

Ṽpfi = Adgloi oVpo −Vlfi loi
(∗)

Vpfi = Adgfi loi Ṽpfi
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Grasp optimization

Ṽpfi = Adgloi oVpo − Bc
ci [ ωi

x
ωi
y

]
constraints

Bc
ci = [ 0 0 0 1 0 0

0 0 0 0 1 0 ]T
Contact equation

[ ωi
x

ωi
y

] = Rψi(Koi + K̃fi)Moi α̇oi

Grasp quality measure

g ∶ [ αo1 ⋯ αok ]T ∈ R
2k → R

Optimize F(⋅)
α̇o = −λ∇g(αo) = −λ∇ξGTAGξ, λ ∈ (0, 1)
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◻ Control System Architecture:
Problem 7: Formulation of control objectives

1 Desired object velocity Vd
po

2 Desired object force f do
3 Suitable grasp quality αd

o
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CoSAM2 – A uni&ed Control System
Architecture for Multi&ngered Manipulation
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◻ Coordinated Motion Generation:

Input Desired object velocity Vd
po ∈ R

6

Sensors Tactile sensors

Output Fingertip velocity Vpfi ∈ R
6

Constraints
–Rolling/&nger gaiting (non-slippage)
–Force closure
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◻ Grasping force generation:

Input Desired object force f do ∈ R
6

Sensors Tactile and contact force sensors

Output Fingertip force x ∈ R
m

Constraints –Gx = Fd

–x ∈ FC

surface

object

friction

cone
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◻ Compliance Motion Control Module:

Input Fingertip velocity Vd
pfi
∈ R

6

from the CMGmodule and desired
&ngertip force Fdi from the GFG module

Sensors Contact force sensors

Output total &nger velocity Vpfi ∈ R
6

Vpf i = V
d
pfi
+ Kci(Fdi − Fmi )

Kci ∈ R
6×6: Finger compliance matrix; Fmi : Measured force.

Vd
pfi = Adgfi o(ηi)Vd

po?@@@@@@@@@@@@@@@@@@@@@@@@@@@@@A@@@@@@@@@@@@@@@@@@@@@@@@@@@@@B
Object motion

+Adgfi lfi (ηi)Vloilfi
(ηi , η̇di )?@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@A@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@B

Grasp quality

+Kci(Fdi − Fmi )?@@@@@@@@@@@@@@@@@@@@@@@@@@@@A@@@@@@@@@@@@@@@@@@@@@@@@@@@@B
Object force
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◻ Inverse Kinematics Module:

Input Desired Fingertip velocity Vd
pfi
∈ R

6

Sensors Finger joint encoders

Output Finger joint velocity θ̇ ∈ R
ni

Constraints

Vpfi = Jfi(θi)θ̇i , ni ≤ 6

–Collision constraints

min
θ̇ i∈Rni

⟨Jfi θ̇i −Vpfi ,Q(Jfi θ̇i −Vpfi)⟩
subject to ⟨θ̇i,Mθ̇i⟩ ≤ α2

ψ(θi) +Dψ(θi)θ̇i ≤ 0
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◻ Implementation:

,e three-&ngered HKUST hand



Chapter 5
Multifingered
Hand
Modeling and
Control

Introduction

Grasp Statics

Kinematics of
Contact

Hand
Kinematics

Grasp
Planning

Grasp Force
Optimization

Coordinated
Control

5.7 Coordinated Control
Chapter 5 Multifingered Hand Modeling and Control

84

Microprocessor control system for HKUST hand
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Tactile sensor and signal conditioning unit for HKUST hand
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HKUST hand hardware architecture
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HKUST-Hand system Sensors

Manipulation: single
&nger and two &ngers

Experiment 2
3-Figured Manipulation
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