. Dpﬁmgﬂ\b\%& ~+
Lecture 10: Convolutional neural networks

Announcements:

« HW #4 is due Eudey;iem uploaded to Gradescope. To submit your Jupyter

Notebook, print the notebook to a pdf with your solutions and plots filled in. You must
also submit your .py files as pdfs.

* The midterm exam is during class (2-3:50pm) on Wednesday, Feb 21, 2024.

* You are allowed 4 cheat sheets (each an 8.5 x 11 inch paper). You can fill out
both sides (8 sides total). You can put whatever you want on these cheat sheets.
* The midterm will cover material up to and including this Wednesday’s lecture (Feb

18).

» Past exams are uploaded to Bruin Learn (under “Modules” —> “past exams”).
* You may bring a calculator to the exam.
* You may do the exam in pen or pencil.

« Midterm exam review session: Thursday, Feb 15, 6-9pm at WG Young CS50.
A mmh‘v\ﬂ will be uploadsd to Brduleavn.
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Last lecture summary

In the past lectures, we covered tricks that we can do in initialization,
regularization, and data augmentation to improve the performance of neural

networks.

But what about the optimizer, stochastic gradient descent? Can we improve
this for deep learning?

That'’s the topic of our next lecture.
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Last lecture summary

In the past lectures, we covered tricks that we can do in initialization,
regularization, and data augmentation to improve the performance of neural
networks.

But what about the optimizer, stochastic gradient descent? Can we improve
this for deep learning?

That'’s the topic of our next lecture.

An aside (label smoothing):

layer of a neural network concatenated with "1" to account for the bias. For a network trained with
hard targets, we minimize the expected value of the cross-entropy between the true targets y; and

the network’s outputs py, as in H(y,p) = Eszl —yx log(pk ), where yy is "1" for the correct class
and "0" for the rest. For a network trained with a label smoothing of parameter o, we minimize
instead the cross-entropy between the modified targets L and the networks’ outputs py, where

y,fs =y(l—a)+ a/K.

https://arxiv.org/pdf/1906.02629.pdf
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Optimization for neural networks

In this lecture, we’ll talk about specific techniques in optimization that aid in
training neural networks.

® Stochastic gradient descent

® Momentum and Nesterov momentum
® Adaptive gradients

® RMSProp

e Adaptive moments  ( Adaw )

® Overview of second order methods
® Challenges of gradient descent
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Reading

Reading:

Deep Learning, Chapter 8 (intro), 8.1, 8.2, 8.3,
8.4, 8.5, 8.6 (skim)
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Where we are now

At this point, we know:

* Neural network architectures.

« Hyperparameters and cost functions to use for neural networks.

 How to calculate gradients of the loss w.r.t. all parameters in the neural
network. Backpwp

* How to initialize the weights and regularize the network in ways to
improve the training of the network.

We do know how to optimize these networks with stochastic gradient descent.
But can it be improved?

In this lecture, we talk about how to make optimization more efficient and
effective.
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Gradient descent

A refresher on gradient descent.
- Cost function:  J(6) L

- Parameters: 0

Then, the gradient descent step is:

00— eVeJ(0)
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Stochastic gradient descent

Calculating the gradient exactly is expensive, because it requires evaluating the
model on all m examples in the dataset. This leads to an important distinction.

e Batch algorithm: uses all m examples in the training set to calculate the
gradient.

e Minibatch algorithm: approximates the gradient by calculating it using k
training examples, where m > k > 1.

e Stochastic algorithm: approximates the gradient by calculating it over one
example.

It is typical in deep learning to use minibatch gradient descent. Note that some
may also use minibatch and stochastic gradient descent interchangeably.

A note: small batch sizes can be seen to have a regularization effect, perhaps
because they introduce to noise to the training process.
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Stochastic gradient descent

Stochastic gradient descent

Stochastic gradient descent proceeds as follows.

Set a learning rate £ and an initial parameter setting 6. Set a minibatch size of
m examples. Until the stopping criterion is met:

o Sample m examples from the training set, {x*), x® ... x("™)} and their
corresponding outputs {y(l),y(z), e ,y(m)}.

o Compute the gradient estimate:

1 m

o Update parameters:
0 0—cg
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Stochastic gradient descent

30{—%\(. loss -~ ewnd - I""‘( V)

while last diff > tol:
cost, g = func(x)
X -= eps*g
last diff = np.linalg.norm(x - path[-1])
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Stochastic gradient descent

Stochastic gradient descent (opt 1)

The following shows gradient descent applied to Beale's function, for two
initializations at (2, —2) and (—3,3). The two initializations are shown because
later on we'll contrast to other techniques. The iteration count is capped at
10, 000 iterations, so gradient descent does not get to the minimum.

-4 -3 -2 -1

Video: http://seas.ucla.edu/~kao/opt_anim/1gd.mp4
Animation help thanks to: http://louistiao.me/notes/visualizing-and-animating-optimization-algorithms-with-matplotlib/
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Stochastic gradient descent
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Stochastic gradient descent

Video: http://seas.ucla.edu/~kao/opt_anim/2gd.mp4
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Finding the optimal weights through gradient descent
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Stochastic gradient descent
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Momentum

Momentum

In momentum, we maintain the running mean of the gradients, which then
updates the parameters.

Initialize v = 0. Set « € [0, 1]. Typical values are « = 0.9 or 0.99. Then, until
stopping criterion is met:

o Compute gradient: g I
o Update: >

e Gradient step:

)]
v, = 'i'j\

D(‘U‘\Ej?_ = —D(ij\"éﬁl (v“

>
"

S
~
1
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Momentum

Momentum (cont.)

An example of how momentum is useful is to consider a tilted surface with high
curvature. Stochastic gradient descent may make steps that zigzag, although
in general it proceeds in the right direction. Momentum will average away the

zigzagging components.
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Momentum

Momentum (cont.)

This modification augments the gradient with the running average of previous
gradients, which is analogous to a gradient “momentum.” The following image
Is appropriate to have in mind:

oc‘\r-ij
VvV

av I N
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Momentum

<

p=20
while last diff > tol:
cost, g = func(x)
p = alpha*p - eps*g
X +=p
last diff = np.linalg.norm(x - path[-1])

alpha = 0.9 P
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Momentum

Momentum (opt 1)

gd+p denotes gradient descent with momentum.

Video: http://seas.ucla.edu/~kao/opt_anim/1gd_gd+p.mp4
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Momentum
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Momentum

Momentum (opt 2)

Notice how momentum pushes the descent to find a local, but not global,
minimum.

Video: http://seas.ucla.edu/~kao/opt_anim/2gd_gd+p.mp4

~
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Momentum
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Does momentum help with local optima?

MowanuwA

Does momentum help with local optima?  ((Avoid local OVHWA w/ lu’L*V

™ onvovr € )
What kind of local optima does momentum tend to find? )
s 4
1&

= =5 P,
e | )

— >
| .
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Nesterov momentum

Nesterov momentum

Nesterov momentum is similar to momentum, except the gradient is calculated
at the parameter setting after taking a step along the direction of the
momentum.

Vamilla  Mowanbum
| Vowdn Toweh o

Initialize v = 0. Then, until stopping criterion is met:

e Update:
~ 6
v« av —eVeJ(0 + av) Ml iVQJ( )

o Gradient step: O I (6)
0<—0+v
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Nesterov momentum

Nesterov momentum (cont.)

The following image is appropriate for Nesterov momentum:

V

D

A0

(90\&\
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Oy = Oy
e Nesterov momentum
Oy Ouw = Orew ~ LUy

2 Dod = Botd — XV

B4

By performing a change of variables with Oo1q = 0o1q + avoid, it's possible to
show that the following is equivalent to Nesterov momentum. (This
representation doesn’t require evaluating the gradient at 6 4+ av.)

o Update: 3
Vinew = QVold — €V J(fola)
N
e Gradient step: V & oV - ¢ W@»J(Q)
énew = éold + Vnew + a(vnew - Vold)
o Set Vnew = Vold, énew — éold- J/
/é PR @ T Vpw T & ((\/mw“ Vo@t)
@wew = 90\0\ + Vnew
/v

O =~ XView = Oy — &V d T View

= GVLQVJ = BOUX +(UVL:€J\N + A ((vaew PVOH)
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Nesterov momentum

alpha = 0.9
p = np.zeros_like(x)
while last diff > tol:
cost, g = func(x)
p_old = p
p = alpha*p - eps*g
X += p + alpha*(p-p_old)
last diff = np.linalg.norm(x - path[-1])
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Nesterov momentum

Nesterov momentum (opt 1)

gd+np denotes gradient descent with Nesterov momentum.

&

Video: http://seas.ucla.edu/~kao/opt_anim/1gd_gd+p_gd+np .mp4
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Nesterov momentum
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Nesterov momentum

Nesterov momentum (opt 2)

Notice how Nesterov momentum finds the same local minimum as momentum.

Video: http://seas.ucla.edu/~kao/opt_anim/2gd_gd+p_gd+np .mp4
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Nesterov momentum
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Is there a good way to adapt the learning rule?

Techniques to adapt the learning rate

Choosing ¢ judiciously can be important for learning. In the beginning, a larger
learning rate is typically better, since bigger updates in the parameters may
accelerate learning. However, as time goes on, € may need to be small to be
able to make appropriate updates to the parameters. We mentioned before that
often times, one applies a decay rule to the learning rate. This is called
annealing. A common form to anneal the learning rate is to do so manually
when the loss plateaus, or to anneal it after a set number of epochs of gradient
descent.

Another approach is to update the learning rate based off of the history of
gradients.
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Adagrad

Adaptive gradient (Adagrad)

Adaptive gradient (Adagrad) is a form of stochastic gradient descent where the
learning rate is decreased through division by the historical gradient norms. We
will let the variable a denote a running sum of squares of gradient norms.

Initialize a = 0. Set v at a small value to avoid division by zero (e.g.,
v = le — 7). Then, until stopping criterion is met: e (Kv‘\ y ‘mwa

e Compute the gradient: g [ 9,
e Update: ge k" - 92
a+a+gog '
e Gradient step:
N g 3}'\
s 0 <« 60—
J YT Vatr Ve
¢ ) /VZ]_ 4+ 0 L y 2
Oj = Vi
No +V 2y, jzz
308 -
Ay + V
2
In
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Adagrad

a=2>0
nu = le-7
while last _diff > tol:
cost, g = func(x)
a += g*g
X -= eps * g / (np.sqgrt(a) + nu)
last diff = np.linalg.norm(x - path[-1])
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Adagrad

Adagrad (opt 1)

— —
4_:_ gd 7 &
b = gd+p
r— gd+np
3+ — adagrad
e
] =

Video: http://seas.ucla.edu/~kao/opt_anim/1gd_gd+p_gd+np_adagrad.mp4
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Adagrad
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Adagrad

Adagrad (opt 2)

Adagrad proceeds to the global minimum.

=

—

0 1 2 3 4
X

Video: http://seas.ucla.edu/~kao/opt_anim/2gd_gd+p_gd+np_adagrad.mpd
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Adagrad
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Adagrad

|s there a problem with adagrad?

e Compute the gradient: g
o Update:

e Gradient step:

Prof J.C. Kao, UCLA ECE



RMSProp

| ©©O

T
] - P 0.99 + 0.0l j‘

RMSProp

RMSProp augments Adagrad by making the gradient accumulator an
exponentially weighted moving average.

Initialize a = 0 and set v to be sufficiently small. Set 3 to be between 0 and 1
(typically a value like 0.99). Then, until stopping criterion is met:

e Compute the gradient: g
e Update:
a<fa+(1-pP)gog

e Gradient step:
€

0 <« 60—
< Jato

©g

(109D [44)

P
e é——oﬂiﬁ'a\—ko.olj'
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RMSProp

a=2>0
beta = 0.99
nu = le-7
while last diff > tol:
cost, g = func(x)
a = beta * a + (l-beta) * g * g
X -= eps * g / (np.sqgrt(a + nu))
last diff = np.linalg.norm(x - path[-1])
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RMSProp

RMSProp (opt 1)

— —
4 f— od 7 &
-~ gd+p
E— gd+np
3 + — adagrad
-~ rmsprop //
] -

Video: http://seas.ucla.edu/~kao/opt_anim/1gd_gd+p_gd+np_adagrad_rmsprop.mp4
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RMSProp
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RMSProp

RMSProp (opt 2)

RMSProp proceeds to the global minimum, and in the video you can see it
does so more quickly than Adagrad.

[(— T
o gg+p / &

E gd+np
3 = adagrad ——
- rmsprop

0 1 2 3 4

Video: http://seas.ucla.edu/~kao/opt_anim/ 2gd_gd+p_gd+np_adagra!1_rmsprop .mp4
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RMSProp
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RMSProp + momentum

RMSProp with momentum

RMSProp can be combined with momentum as follows.

Initialize a = 0. Set «, 8 to be between 0 and 1. Set v = 1le — 7. Until
stopping criterion is met:

e Compute gradient: g

e Accumulate gradient:

a+fa+(1-pP)gog

e Momentum: -

va+ v

V < v — ©g

e Gradient step:
0 0+v

It is also possible to RMSProp with Nesterov momentum.
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RMSProp + momentum

a=2>0
p=20
alpha = 0.9
beta = 0.99

nu = le-7
while last diff > tol:
cost, g = func(x)
a = beta * a + (l-beta) * g * g
p = alpha * p - eps * g / (np.sgrt(a) + nu)
X += p
last diff = np.linalg.norm(x - path[-1])
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RMSProp + momentum

RMSProp with momentum (opt 1)

rmsprop+p denotes RMSProp with momentum. Though it makes a larger
excursion out of the way, it gets to the optimum more quickly than all other
optimizers. This is more apparent in the 2nd optimizer.

af— 9d
b~ gd+p
F—— gd+np

3 1+ —— adagrad

- —— rmsprop
2 4 = rmsprop+p

Video: http://seas.ucla.edu/~kao/opt_anim/1gd_gd+p_gd+np_adagrad_rmsprop+p.mp4
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RMSProp + momentum

— = —
4 —-o

[~ gd+p
-—— gd+np
3t — adagrad —

- —— msprop

| —— msprop+p
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RMSProp + momentum

RMSProp (opt 2)

RMSProp proceeds to the global minimum, and in the video you can see it
does so more quickly than Adagrad.

&

L~ gd+p

===

E— gd+np
3 + —— adagrad
|- = rmsprop
> | = rmsprop+p

0 1 2 3 4
X

Video: http://seas.ucla.edu/~kao/opt_anim/2gd_gd+p_gd+np_adagrad_rmsprop+p.mp4
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RMSProp + momentum

— = —

4 —-o —
[~ gd+p
-—— gd+np
3t — adagrad —

- —— msprop

| —— msprop+p
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Adam

Adaptive moments without bias correction

The adaptive moments optimizer (Adam) is one of the most commonly used
(and robust to e.g., hyperparameter choice) optimizers. Adam is composed of

a momentum-like step, followed by an Adagrad/RMSProp-like step. For
intuition, we first present Adam without a bias correction step.

Prof J.C. Kao, UCLA ECE



Adam with no bias correction

Initialize v = 0 as the “first moment”, and a = 0 as the “second moment.”
Set 31 and (32 to be between 0 and 1. (Suggested defaults are 81 = 0.9 and
B2 = 0.999.) Initialize v to be sufficiently small. Until stopping criterion is met:

o Compute gradient: g

» First moment update (momentum-like):

v v+ (1—p61)g

o Second moment update (gradient normalization):

a< fea+(l1-[2)gog

e Gradient step:

0 «— 6 — ORY

£
va—+v
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Adam

Adaptive moments (Adam)

Adam incorporates a bias correction on the moments. The intuition for the bias
correction is to account for initialization; these bias corrections amplify the
second moments, so that extremely large steps are not taken at the start of the
optimization.
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Adam

Adam (cont.)

Initialize v = 0 as the “first moment”, and a = 0 as the “second moment.”
Set (31 and (32 to be between 0 and 1. (Suggested defaults are 51 = 0.9 and
B2 = 0.999.) Initialize v to be sufficiently small. Initialize t = 0. Until stopping
criterion is met:

o Compute gradient: g

e Time update: t + t+1

o First moment update (momentum-like): € [ 3
Ve Biv+(1—p1)g 3

* Second moment update (gradient normalization):

a< fat(l—P2)g0g E[j?']

Bias correction in moments:

ﬂ
v = L v
- 1-8
a =— L a
134 )
e Gradient step:
0 <« 60— ORY

€
\/zrl + v
A resource on bias correction: https://www.coursera.org/lecture/deep-neural-network/bias-correction-in-exponentially-weighted-averages-XjuhD
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Adam

a=2>0

p=20

betal = 0.9
beta2 = 0.99
nu = le-7

t =0

while last _diff > tol:
cost, g = func(x)
t += 1
= betal * p + (l-betal) * g
beta2 * a + (l-beta2) * g * g
u =p / (1 - betal**t)
u =a / (1 - beta2**t)
X -= eps * p u / (np.sqgrt(a_u) + nu)
last _diff = np.linalg.norm(x - path[-1])

o oo
(<l |

[«
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Adam

Adam (opt 1)

In both example optimizations, Adam is just slightly slower than RMSProp.

= ////

F—— gd+np
3+ —— adagrad
- —— rmsprop

> 4 = rmsprop+p

el

Video: http://seas.ucla.edu/~kao/opt_anim/1gd_gd+p_gd+np_adagrad_rmsprop+p_adam.mp4
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Adam

e =—_

-—— gd+np e
= adagrad — —
- —— msprop

| =—— msprop+p
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Adam

Adam (opt 2)

a L= 9
o 9d+P /
E— gd+np
3 + — adagrad
|- —— rmsprop
> 4 = rmsprop+p
—— adam
1
> 0 {
_1..
_2_
_3..
B x %
-4 -3 -2 -1 1 2 3 4

X

Video: http://seas.ucla.edu/~kao/opt_anim/2gd_gd+p_gd+np_adagrad_rmsprop+p_adam.mp4
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First order methods

First order vs second order methods

SGD, and optimizers used to augment the learning rate (Adagrad, RMSProp,
and Adam), are all first order methods and have the learning rate € as a
hyperparameter.
o First-order refers to the fact that we only use the first derivative, i.e., the
gradient, and take linear steps along the gradient.
e The following picture of a first order method is appropriate.

A Llnear appx at Ht

7 ()

T18) = T(64) + (6-6:) TpTI

T(Oy) = T(6L) + (6, ¢ '94—)

=T (8- iﬂTj
v/
70 —- >

é L 9 Prof J.C. Kao, UCLA ECE




Second order methods

First order vs second order methods (cont)

It is possible to also use the curvature of the cost function to know how to take
steps. These are called second-order methods, because they use the second
derivative (or Hessian) to assess the curvature and thus take appropriate sized

steps in each dimension. See following picture for intuition:

Quadratic appx at 9,5

A
0
o,
\'\ 7
0, \
Ql, Hessian step
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NoT TESTED

Newton’s method

N
S;cond order optimization g (OTHED = (hen™) 6
The most widely used second order method is Newton's method. To arrivé a%HB 9*318)
it, consider the Taylor series expansion of J(#) around 6y up to the seconci 26,28,
order terms, i.e., s QTj = 4 fessiom . Vg iﬁ?@) é
J(0) ~ J(60) + (0 — 00)" Vo (60) + %(9 — 60) H(0 — o) WM}
962

If this were just a second order functiony we could minimize it by taking its
derivative and setting it to zero:

VQJ(Q) = VQJ(HO) + H(9 — 90)
= 0
Bk wvdev: B < 6 - ij
This results in the Newton step, 1
1 Se comd ndo- 9&9—Hj
0 =00 —H VeJ(0o)

If the function is quadratic, this step takes us to the minimum. If not, this
approximates the function as quadratic at 6y and goes to the minimum of the

quadratic approximation. o Y dowe by O 2 low Ccuvwmhw

Does this form of step make intuitive sense?
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Newton’s method

Newton’s method

Newton's method, by using the curvature information in the Hessian, does not
require a learning rate.

Until stopping criterion is met:
o Compute gradient: g
e Compute Hessian: H

e Gradient step:
—1
| 0 «—6—H g MM .
. (\—-n‘v\ ‘H’ \\S eX we b é
I M - ST ps =jo°
M = ' 3L TR

2. I\/va(ﬁ@ Hie flessicun - O(“3>

3. Hesyiom Jr.ﬂwwd reqw\/\% ij e batch s13¢)
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NOT TEeSTED

Newton’s method

Newton’s method (cont.)

A few notes about Newton's method:

* When the Hessian has negative eigenvalues, then steps along the
corresponding eigenvectors are gradient ascent steps. To counteract this,
it is possible to regularize the Hessian, so that the updates become:

06— (H+ol) 'VeJ(h)

As o becomes larger, this turns into first order gradient descent with
learning rate 1/a.

* Newton's method requires, at every iteration, calculating and then
inverting the Hessian. If the network has N parameters, then inverting the
Hessian is O(N?). This renders Newton's method impractical for many
types of deep neural networks.
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Quasi-Newton methods

Quasi-Newton methods

To get around the problem of having to compute and invert the Hessian,
quasi-Newton methods are often used. Amongst the most well-known is the
BFGS (Broyden Fletcher Goldfarb Shanno) update.

e The idea is that instead of computing and inverting the Hessian at each
iteration, the inverse Hessian Hal Is initialized at some value, and it is
recursively updated via:

T
_ Sy _ yS SS
i (-0 e (1-35) + 5%

S = Qk — Gk_l and Yy = VJ(Hk) — VJ(@k_l)

e The proof of this result is beyond the scope of this class; if you'd like to

learn more about this (and about optimization in general), consider taking
ECE 236C.

for
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Quasi-Newton methods

Quasi-Newton methods (cont.)

e An important aspect of this update is that the inverse of any Hessian can
be reconstructed from the sequence of si, yx, and the initial Hgl. Thus a
recurrence relationship can be written to calculate H,;lx without explicitly
having to calculate H;l. However, it does require iterating over
1 =0,...,k examples.

* A way around this is to use limited memory BFGS (L-BFGS), where you
calculate the inverse Hessian using just the last m examples assuming
H_' issome H;"' (e.g., it could be the identity matrix).

e Quasi-Newton methods usually require a full batch (or very large
minibatches) since errors in estimating the inverse Hessian can result in
poor steps.
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Conjugate gradients

Conjugate gradient methods

CG methods are also beyond the scope of this class, but we bring it up here in
case helpful to look into further. Again, ECE 236C is recommended if you'd
like to learn more about these techniques.

e CG methods find search directions that are conjugate with respect to the
Hessian, i.e., that ngHgk_l = 0.

e |t turns out that these derivatives can be calculated iteratively through a
recurrence relation.

e Implementations of “Hessian-free” CG methods have been demonstrated
to converge well (e.g., Martens et al., ICML 2011).
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Challenges in gradient descent

o Exploding gradients.
Sometimes the cost function can have “cliffs” whereby small changes in
the parameters can drastically change the cost function. (This usually
happens if parameters are repeatedly multiplied together, as in recurrent
neural networks.) Because the gradient at a cliff is large, an update can
result in going to a completely different parameter space. This can be
ameliorated via gradient clipping, which upper bounds the maximum
gradient norm.
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Challenges in gradient descent

e Vanishing gradients.
Like in exploding gradients, repeated multiplication of a matrix W can

cause vanishing gradients. Say that each time step can be thought of as a
layer of a feedforward network where each layer has connectivity W to the
next layer. By layer ¢, there have been W' multiplications. If

W = UAU lisits eigendecomposition, then W! = UA*U !, and hence
the gradient along eigenvector u; is shrunk (or grown) by the factor \!.
Architectural decisions, as well as appropriate regularization, can deal with
vanishing gradients.
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