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Capturing Independence Graphically

Earthquake? Burglary?
(E) B)

Assume that edges in this
graph represent direct causal
influences among these
variables.

The alarm triggering (A) is a direct cause of receiving a call from a
neighbor (C).
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Capturing Independence Graphically

We expect our belief in C to
be influenced by evidence on R

Earthquake?
(E)

Burglary?
B

If we get a radio report that an
earthquake took place in our
neighborhood, our belief in the
alarm triggering would probably
increase, which would also
increase our belief in receiving
a call from our neighbor.
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Burglary?
B

Adnan Darwiche

Capturing Independence Graphically

We would not change this
belief, however, if we knew for
sure that the alarm did not
trigger.

C independent of R given —A J
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Capturing Independence Graphically

We would clearly find a visit to
Asia relevant to our belief in
the X-Ray test coming out
positive, but we would find the
visit irrelevant if we know for
sure that the patient does not
have Tuberculosis.

Visit to Asia? Smoker?

Bronchitis?
(B)

X is dependent on A, but is
Posiive X-Ray? independent of A given =T

(X)
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Capturing Independence Graphically

These examples of independence are all implied by a formal
interpretation of each DAG as a set of conditional independence
statements.
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Capturing Independence Graphically

These examples of independence are all implied by a formal
interpretation of each DAG as a set of conditional independence
statements.

variables N with an edge from N to V
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Capturing Independence Graphically

These examples of independence are all implied by a formal
interpretation of each DAG as a set of conditional independence
statements.

variables N with an edge from N to V

Descendants( V')

variables V with a directed path from V to V.
V is said to be an ancestor of N
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Capturing Independence Graphically

interpretation of each DAG as a set of conditional independence
statements.

variables N with an edge from N to V

Descendants( V')

These examples of independence are all implied by a formal I

variables V with a directed path from V to V.
V is said to be an ancestor of N

Non_Descendants( V)

variables other than V/, Parents(V) and Descendants(V)
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Capturing Independence Graphically

Markovian assumptions of a DAG

We will formally interpret each DAG G as a compact representation
of the following independence statements, denoted Markov(G):

I(V,Parents(V), Non_Descendants(V)),

for all variables V in DAG G
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Capturing Independence Graphically

Markovian assumptions of a DAG

We will formally interpret each DAG G as a compact representation
of the following independence statements, denoted Markov(G):

I(V,Parents(V), Non_Descendants(V)),

for all variables V in DAG G

DAG as a causal structure

Parents( V') denote the direct causes of V' and Descendants( V)
denote the effects of V
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Capturing Independence Graphically
[ Markovian assumptionsof aDAG_ |

Markovian assumptions of a DAG

We will formally interpret each DAG G as a compact representation
of the following independence statements, denoted Markov(G):

I(V,Parents(V), Non_Descendants(V)),

for all variables V in DAG G

v
DAG as a causal structure

Parents( V') denote the direct causes of V' and Descendants( V)
denote the effects of V

Markovian assumptions restated

Given the direct causes of a variable, our beliefs in that variable
become independent of its non—effects.
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Capturing Independence Graphically

Markovian assumptions,

Earthquake? Burglary?
(E) B)

Markov(G):
I(C,
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Capturing Independence Graphically

Markovian assumptions,

Burglary?
B)

Markov(G):
I(C,A,{B,E,R})

Earthquake?
(&)
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Capturing Independence Graphically

Markovian assumptions,

Markov(G):
I(C,A,{B,E,R})
I(R,
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Capturing Independence Graphically

Markovian assumptions,

Markov(G):
I(C,A,{B,E,R})
I(R,E,{A B, C})
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Capturing Independence Graphically

Markovian assumptions,

Markov(G):
I(C,A,{B,E,R})
I(R,E,{A,B,C})
I(A,
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Capturing Independence Graphically

Markovian assumptions,

Earthquake? Burglary?
(E) B)

Markov(G):

I(C,A,{B,E,R})
I(R,E,{A,B,C})
I(A,{B,E},R)
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Capturing Independence Graphically

Markovian assumptions,

Markov(G):
I(C,A,{B,E,R})
I(R,E,{A,B,C})
I(A,{B,E},R)
I(B,
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Capturing Independence Graphically

Markovian assumptions,

Markov(G):
I(C,A,{B,E,R})
I(R,E,{A,B,C})
I(Aa {B’ E}’ R)
I(B,0,{E,R})
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Capturing Independence Graphically

Markovian assumptions,

Earthquake? Burglary?
(E) B)

Markov(G):

I(C, A, {B,E,R})
I(R,E,{A,B,C})
I(A, {B,E},R)

I(B,0,{E,R})
I(E

9
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Capturing Independence Graphically

Markovian assumptions,

Earthquake? Burglary?
(E) B)

Markov(G):
I(C,A,{B,E,R})
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Capturing Independence Graphically

Markovian assumptions,

Earthquake? Burglary?
(E) B)

Markov(G):
I(C,A{B,E,R})

I(R,E,{A, B, C})
I(A,{B,E},R)
I(B,0,{E,R})
I(E,0,B)
Variables B and E have no parents, hence, they are marginally
independent of their non-descendants. J
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Capturing Independence Graphically

Hidden Markov Model
s

|

DEORGEIG
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Capturing Independence Graphically

Hidden Markov Model The state of a dynamic system
at time points 1,2,....n

U

o 0 0 o)
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Capturing Independence Graphically

Hidden Markov Model The state of a dynamic system
at time points 1,2,....n
N e e N
(S80S (8,

‘ Sensors that measure the

N N O\ N system state at the
0,) (0,) (0;) 0 v
Cﬂ Cz/ Cy Cﬂ corresponding time points.
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Capturing Independence Graphically

Hidden Markov Model The state of a dynamic system
N N . N at time points 1,2,....n
G T I S )
(S80S, - (8
‘ Sensors that measure the

O N R N system state at the
o) (0, (0) (0, ¥
Cy L% E% / corresponding time points.

Usually, one has some information about the sensor readings and is
interested in computing beliefs in the system states.
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Capturing Independence Graphically

Hidden Markov Model

%ﬁ@l@ ---------- ?
‘o) (0.) (00— (0)
o) (0, (00 (o)

Adnan Darwiche

The Markovian assumptions
imply that

once we know the state of the
system at the previous time
point, t — 1, our belief in the
present system state, at t, is no
longer influenced by any other
information about the past.
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Capturing Independence Graphically

Hidden Markov Model

once we know the state of the
‘/51\_"/52\_"/53\ """"" " @ system at the previous time

point, t — 1, our belief in the

present system state, at t, is no
@ 6\ @\ __________ @\ longer influenced by any other
\ZV 2/ ¥ N information about the past.

The Markovian assumptions
imply that

Characteristic property of HMMs

I(5t7 {St—l}y {51) B 5t—27 017 ) Ot—l})
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Capturing Independence Graphically

Interpretation of DAGs in terms of conditional independence makes
no reference to causality

even though we have used causality to motivate this interpretation.
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Capturing Independence Graphically

Interpretation of DAGs in terms of conditional independence makes
no reference to causality
even though we have used causality to motivate this interpretation.

If one constructs the DAG based on causal perceptions
one tends to agree with the independencies declared by the DAG.
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Capturing Independence Graphically

Interpretation of DAGs in terms of conditional independence makes
no reference to causality

even though we have used causality to motivate this interpretation.

If one constructs the DAG based on causal perceptions
one tends to agree with the independencies declared by the DAG.

Possible to have a DAG that does not match our causal perceptions

yet we agree with the independencies declared by the DAG.
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Capturing Independence Graphically

DAG is causal ) DAG is not causal )

ary?
Bur(%;lry ? Barthquake? N ~“"Burglary?
® (B)

Radio?
(R)

Earthquake?
(E)
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Capturing Independence Graphically

DAG is causal J DAG is not causal )

Burglary? Earthquake? B
ur Iar ?
~\ (Bt

Rddlo’7
R)

+

Every independence which is declared (or implied) by the second
DAG is also declared (or implied) by the first one. Hence, if we
accept the first DAG, then we must also accept the second.

Earthquake?
(E)
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Parameterizing the Independence Structure

DAG G is a partial specification of our
state of belief Pr J

ﬁrthquake?

(E)

Burglar;’.’
B)

/" Radio?
B
\
4
7 can
o
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Parameterizing the Independence Structure

DAG G is a partial specification of our
state of belief Pr

Edrthqu |ke ? Burglary
(E) (B )

By constructing G, we are saying that

] - / Pr must satisfy the independence
/" Radio? Alarm? . .
W @ assumptions in Markov(G)
\
/,L
<D
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Parameterizing the Independence Structure

DAG G is a partial specification of our
state of belief Pr

arthquake? Burglary?
(E\ﬂ:?;) k) < (gB) y
By constructing G, we are saying that
L . / Pr must satisfy the independence
ﬁadiOD Alarmé . g
L ® W assumptions in Markov(G)

4
e This constrains Pr but does not
_© . . .
uniquely define it.
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Parameterizing the Independence Structure

DAG G is a partial specification of our
state of belief Pr

ﬁarthquuke‘.’ Glﬂglar)’
)

By constructing G, we are saying that
L - / Pr must satisfy the independence
\‘/Radio’.‘ \ /~ Alarm? o 5
w @ assumptions in Markov(G)
“w_
|
e This constrains Pr but does not

o S

uniquely define it.

We can augment the DAG G by a set of conditional probabilities
that together with Markov(G) define the distribution Pr uniquely.

Adnan Darwiche Chapter 4: Bayesian Networks



Parameterizing the Independence Structure

/ Eanhquakc’7 Burg]ary
\ (E) (3)
For every variable X and its parents U
Rdd‘ D — Need probability P.r(x|u) .forj every
N ® <A> value x and every instantiation u
ﬁall‘?
_©
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Parameterizing the Independence Structure

g 1;111;1;(0? @rg]arD
N ® ®)

For every variable X and its parents U

Need probability Pr(x|u) for every

ﬁadio',D /Alarm'] . a o
N ® \LAr) value x and every instantiation u
\
.
/7 can?
_©

We need to provide the following conditional probabilities

Pr(c|a), Pr(r|e), Pr(alb,e), Pr(e), Pr(b),
where a, b, c, e and r are values of variables A, B, C, E and R
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Parameterizing the Independence Structure

" Barthqu
o

_®

ﬁ(adnﬂ
N ®
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_ @ Conditional probabilities for variable C
ake? urglary?
) > A C | Pr(ca)
true true | .80
true false | .20
Alarm?
false true | .001
“)
\T/ false false | .999
/J\ Conditional Probability Table (CPT)
Call?
@




Parameterizing the Independence Structure

_ Conditional probabilities for variable C
EarlhquakD ( Bu;g_]% P
S~ 2 A C | Pr(cla)
true true | .80
N true false | .20
ﬁ?dR‘)OD \A l&{;mé false true | .001
;T/ false false | .999
L, e .
PN Conditional Probability Table (CPT)

@

Pr(c|a) 4+ Pr(¢|a) = 1 and Pr(c|3) + Pr(c|a) =

Two of the probabilities in the above CPT are redundant and can
be inferred from the other two. We only need 10 independent
probabilities to completely specify the CPTs for this DAG.
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Bayesian Networks

A Bayesian network for variables Z is a pair (G, ©), where

@ G is a directed acyclic graph over variables Z, called the
network structure.

@ O is a set of conditional probability tables (CPTs), one for
each variable in Z, called the network parametrization.
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Bayesian Networks

A Bayesian network for variables Z is a pair (G, ©), where

@ G is a directed acyclic graph over variables Z, called the
network structure.

@ O is a set of conditional probability tables (CPTs), one for
each variable in Z, called the network parametrization.

Ox|u: CPT for variable X and its parents U
@ XU: called a network family

Oxju = Pr(x|u): called a network parameter

We must have ) 0,), =1 for every parent instantiation u
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An Example Bayesian Network

/ fVimu:‘?\\\
A) /Z

\~~>}K A B | Opa A C | 9ca
RN / \ true true 2 true true 8
/Sprinkler'-’ ) ( Rain? ) true false .8 true false 2
) o )
N \ S false true .75 false true 1
—< \ false false .25 false false 9
\‘//7“\ \
Wet Grass? '\ o
o ) ( Stippery Road?
- NG
B C D ‘ ©p|s,c
true true true .95
true true false .05 9 E ‘ Ok|c
true false true 9 true true 7
true false false ) true false 5
false true true .8 false true 0
false true false 2 false false 1
false false true 0
false false false 1
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Notation

A network instantiation

is an instantiation of all network variables.
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Notation

A network instantiation
is an instantiation of all network variables.

means that instantiations xu and z are compatible (i.e., agree on
the values they assign to their common variables).
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Notation

A network instantiation
is an instantiation of all network variables.

means that instantiations xu and z are compatible (i.e., agree on
the values they assign to their common variables).

02, Op|a, Ozar Od|p,e, and gz are all the network parameters
compatible with network instantiation a, b, ¢, d, €
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The Distribution of a Bayesian Network

A Bayesian network induces distribution

def
PI‘(Z) = HGX‘UNZGXW
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The Distribution of a Bayesian Network

A Bayesian network induces distribution

def
PI‘(Z) = HGX‘UNZGXW

The probability assigned to a network instantiation z

is the product of all network parameters that are compatible with z
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The Distribution of a Bayesian Network

A Bayesian network induces distribution

def
PI‘(Z) = HGX‘UNZGXW

The probability assigned to a network instantiation z

is the product of all network parameters that are compatible with z

This is called the chain rule of Bayesian networks. )
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The Distribution of a Bayesian Network

Winter?

A

Rain?

Sprinkler?
) N
~__ _

‘Wet Grass? —
(D) Slippery R@
T~
~__

(E)

Adnan Darwiche Chapter 4: Bayesian Networks



The Distribution of a Bayesian Network

Winter?

A

= 0a Opja Oza Yajbe Ogc
NG = (:6)(:2)(-2)(.9)(1)

Rain?

Sprinkler?
B)
T~

‘Wet Grass?
(D)
T~

= .0216

Slippery Road?
(E)
~__
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The Distribution of a Bayesian Network

—~
Winter?
A

Sprinkler? Rain? = 02 Op)s 022 Odpe Osc
“”) NG = (.6)(:2)(-2)(.9)(1)

~—
= .0216
—
‘Wet Grass? —
(D) Slippery Road?

~—
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The Size of a Bayesian Network

The CPT Oy is exponential in the number of parents U J
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The Size of a Bayesian Network

The CPT Oy is exponential in the number of parents U J

If every variable has d values and at most k parents

the size of any CPT is bounded by O(d**1)
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The Size of a Bayesian Network

The CPT Oy is exponential in the number of parents U

S

If every variable has d values and at most k parents

the size of any CPT is bounded by O(d**1)

If we have n network variables

total number of network parameters is bounded by O(n - d**+1)
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The Size of a Bayesian Network

The CPT Oy is exponential in the number of parents U

S

If every variable has d values and at most k parents
the size of any CPT is bounded by O(d**1)

If we have n network variables

total number of network parameters is bounded by O(n - d**+1)

This number is quite reasonable

as long as the number of parents per variable is relatively small.
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The Size of a Bayesian Network

Variable S; has m values and similarly for variables O; J

Hidden Markov Model )

(588 (8

1
o 0 0 0

Adnan Darwiche Chapter 4: Bayesian Networks



The Size of a Bayesian Network

Variable S; has m values and similarly for variables O; J

The CPT for any state variable
S;, i > 1, has m? parameters,
known as transition
probabilities.

Hidden Markov Model )
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The Size of a Bayesian Network

Variable S; has m values and similarly for variables O; J

The CPT for any state variable
Si, i > 1, has m? parameters,
known as transition
probabilities.

Hidden Markov Model J

The CPT for any sensor
variable O; has m? parameters,
/0\ /0 N /0 N /0 N known as emission or sensor

VL) T\ robabilities.
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The Size of a Bayesian Network

Variable S; has m values and similarly for variables O; J

The CPT for any state variable
Si, i > 1, has m? parameters,
known as transition
probabilities.

Hidden Markov Model J

C/)\\)
/
(/)\\)
_/
CO\\)
/
CO\\)
/

(o
¢
(e

€
(.
(.

&

The CPT for any sensor
variable O; has m? parameters,

N AN AN VN known as emission or sensor
(0) 0, (O (0)
Nt VAN VAN VRNV probabilities.
The CPT for S; has m parameters. |
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Properties of Probabilistic Independence

ﬁ;;ﬁzx‘l(e? éurglarys
N B B

The distribution Pr specified by a
Bayesian network (G, ©) satisfies
" Radio? 7 Alarm? every independence assumption in
\&> S Markov(G)
|
.
’/Cal]m
@ S
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Properties of Probabilistic Independence

6‘1";‘;;&7 @;@SB

N HONS T o
o The distribution Pr specified by a
Bayesian network (G, ©) satisfies
" Radio? 7 Alarm? every independence assumption in
\&) \\(\A})// Markov(G)
|
.
“/Cal]m
@ S

These are not the only independencies satisfied by the distribution.J
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Properties of Probabilistic Independence

ﬁ;;ﬁzx‘l(e? éurglarys
N B B

The distribution Pr specified by a
Bayesian network (G, ©) satisfies
" Radio? 7 Alarm? every independence assumption in
\&> S Markov(G)
|
.
’/Cal]m
@ S

These are not the only independencies satisfied by the distribution.J

B and E independent given R

yet this independence is not part of Markov(G)
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Properties of Probabilistic Independence

Earthquake? Burglary?
(E) ®

B and E are
independent given R

This independence and additional ones

follow from the ones in Markov(G) using a set of properties for
probabilistic independence, known as the graphoid axioms.
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Properties of Probabilistic Independence

Recall the definition of Ip,(X,Z,Y)

Variables X independent of variables Y given variables Z
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Properties of Probabilistic Independence

Recall the definition of Ip,(X,Z,Y)

Variables X independent of variables Y given variables Z

Pr(x|z,y) = Pr(x|z) or Pr(y,z) =0

for all instantiations x,y, z
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Symmetry

e — Bty
& <2)> &P, Ipr(X, Z,Y) iff Ip,(Y,Z,X)

Learning y does not influence
C?;;D \Al(:r;n? our belief in x iff learning x does
- T not influence our belief in y

b
/7 can?
%
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Symmetry

e — Bty
& <2)> &P, Ipr(X, Z,Y) iff Ip,(Y,Z,X)

Learning y does not influence
ﬁade Alarm? our belief in x iff learning x does
N ®) @ } s

T not influence our belief in y

b
/7 can?
%

From Markov(G), we have Ip,(A,{B, E}, R). Using Symmetry, we
get Ipr(R,{B, E}, A) which is not part of Markov(G)
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Decomposition

I (X, Z, ) only if Ipr(X,Z, ) and Ip(X,Z, )

If learning yw does not influence our belief in x, then learning y
alone, or learning w alone, will not influence our belief in x either.
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Decomposition

I (X, Z, ) only if Ipr(X,Z, ) and Ip(X,Z, )

If learning yw does not influence our belief in x, then learning y
alone, or learning w alone, will not influence our belief in x either.

If some information is irrelevant, then any part of it is also
irrelevant.
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Decomposition

Markov(G) implies
I(B,S,{A C,P, T,X})
Decomposition tells us /(B, S, C)
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Decomposition

Markov(G) implies
I(B,S,{A C,P, T,X})
Decomposition tells us /(B, S, C)

This independence holds in any probability distribution induced by
a parametrization of DAG G. Yet, this independence is not part of
the independencies declared by Markov(G)
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Decomposition

An implication of Decomposition
Ip: (X, Parents(X), W)  for every W C Non_Descendants(X)
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Decomposition

An implication of Decomposition
Ip: (X, Parents(X), W)  for every W C Non_Descendants(X)

Every variable X is conditionally independent of any subset of its
non-descendants given its parents.

This is a strengthening of the independence statements declared by
Markov(G), which is a special case when W contains all
non-descendants of X
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Decomposition: The chain rule for Bayesian networks

By the chain rule of probability calculus
Pr(r, c,a, e, b) = Pr(r|c, a, e, b)Pr(c|a, e, b)Pr(ale, b)Pr(e|b)Pr(b)

ﬁ\rlhquake‘]

(E)

B Pr(rlc,a,e.b) = Pr(rle)
Ca & Pr(cla, e 0) = Prlcla)

Pr(elb) = Pr(e)
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Decomposition: The chain rule for Bayesian networks

By the chain rule of probability calculus
Pr(r, c,a, e, b) = Pr(r|c, a, e, b)Pr(c|a, e, b)Pr(ale, b)Pr(e|b)Pr(b)

ﬁ\rlhquake? Burglary
N B

®

By Decomposition

4 N Pr(r|c,a,e,b) = Pr(rle)
ﬁzg)o? Al(dAr;rﬂ/ Pr(cla,e, b) = Pr(cla)
| Pr(elb) = Pr(e)
.
/Cal]m
_©

This leads to the chain rule of Bayesian networks

Pr(r,c,a,e,b) = Pr(r|e)Pr(c|a)Pr(ale, b)Pr(e)Pr(b)
= 0r|e oc\a oa\e,b e Ob
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Decomposition

Proof generalizes to any Bayesian network over variables Z

as long as we order variables Z such that the parents U of each
variable X appear after X in the order.

Adnan Darwiche Chapter 4: Bayesian Networks



Decomposition

Proof generalizes to any Bayesian network over variables Z
as long as we order variables Z such that the parents U of each
variable X appear after X in the order.

This ordering constraint ensures two things:

@ For every term Pr(x|a) that results from applying the chain
rule to Pr(z), some instantiation u of parents U is guaranteed

to be in «.

Adnan Darwiche Chapter 4: Bayesian Networks



Decomposition

Proof generalizes to any Bayesian network over variables Z

as long as we order variables Z such that the parents U of each
variable X appear after X in the order.

This ordering constraint ensures two things:
@ For every term Pr(x|a) that results from applying the chain
rule to Pr(z), some instantiation u of parents U is guaranteed
to be in a.

@ The only other variables appearing in «, beyond parents U,
must be non-descendants of X.
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Decomposition

Proof generalizes to any Bayesian network over variables Z

as long as we order variables Z such that the parents U of each
variable X appear after X in the order.

This ordering constraint ensures two things:

@ For every term Pr(x|a) that results from applying the chain
rule to Pr(z), some instantiation u of parents U is guaranteed
to be in a.

@ The only other variables appearing in «, beyond parents U,
must be non-descendants of X.

Hence, the term Pr(x|a) must equal the network parameter 0,
by Decomposition.
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Decomposition

The variable ordering c, a, r, b, e gives
Pr(c,a,r, b, e) = Pr(cl|a, r, b,e)Pr(alr, b, e)Pr(r|b, e)Pr(b|e)Pr(e)

( Farthquake? ™ C Burglary? ™
N /

& B
_// Vi
" Radio? ™ \Alamﬂj
N B (4)
/e Ca]]"\
_©
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Decomposition

The variable ordering c, a, r, b, e gives

Pr(c,a,r, b, e) = Pr(cl|a, r, b,e)Pr(alr, b, e)Pr(r|b, e)Pr(b|e)Pr(e)

<§5@5@> C B“’fgj“y) By Decomposition
// Pr(cla,r,b,e) = Pr(cla)
/Radm”\ Aldmﬁj Pr(a|r b e) = Pr(a|b’ e)
B @ Pr(r|b,e) = Pr(rle)
Pr(ble) = Pr(b)
al 7\
Gg't/

Adnan Darwiche Chapter 4: Bayesian Networks



Decomposition

The variable ordering c, a, r, b, e gives
Pr(c,a,r, b, e) = Pr(cl|a, r, b,e)Pr(alr, b, e)Pr(r|b, e)Pr(b|e)Pr(e)

(g™ ==

By Decomposition

_® / N B) e
/\ / Pr(cl|a,r,b,e) = Pr(c|a)
/" Radio? ™\ Almﬁv’/\ Pr(a|r b, e) = Pr(a|b, e)
N @ Pr(r|b,e) = Pr(rle)
‘L Pr(ble) = Pr(b)
/ Ca]]7\
o

We then have
Pr(c,a,r, b, e)

Pr(c|a)Pr(a|b, e)Pr(r|e)Pr(b)Pr(e)
= 0c|a 0a|b,e 0r|e Op Oe
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Decomposition

The variable ordering op, ..., 01, Sp, ..., S gives
Pr(on,...,01,8n,...,51) =
Pr(on|on—1...,01,Sn,-..,5)...Pr(o1|sn,...,s1)Pr(sn|Sn=1...,51)...Pr(s1)

By Decomposition

Pr(on,...,01,5n,-..,51)
= Pr(on|sn)...Pr(oi|s1)Pr(sn|sn—1)...Pr(s1)
= Ooplsp -+ Oor|s; Osyisy_q - - - Os;-

Pr(op,...,01,5n,--.,51)

is now expressed as a product of network parameters.

Adnan Darwiche Chapter 4: Bayesian Networks



Composition

Ipe(X,Z, ) and Ipr(X,Z, ) only if Ipy(X, Z,

Composition is the opposite of Decomposition.
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Composition

Ipe(X,Z, ) and Ipe(X,Z, ) only if Ipy(X, Z,

Composition is the opposite of Decomposition.

Composition in general
Two pieces of information may each be irrelevant on their own, yet
their combination may be relevant.
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Composition

Ipe(X,Z, ) and Ipe(X,Z, ) only if Ipy(X, Z,

Composition is the opposite of Decomposition.

Composition in general

Two pieces of information may each be irrelevant on their own, yet
their combination may be relevant.

| \

Example

An exclusive-or gate with uniform distribution on each input. Each
input on its own is irrelevant to the output. Yet, both inputs
together are relevant.
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Weak Union

Ipr(X,Z,  UW) only if Ip,(X,ZU W)

If the information yw is not relevant to our belief in x, then the
partial information y will not make the rest of the information, w,
relevant.
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Weak Union

Ipr(X,Z,  UW) only if Ip,(X,ZU W)

If the information yw is not relevant to our belief in x, then the
partial information y will not make the rest of the information, w,
relevant.

Markov(G) gives

Ezlrglar);?

B)

E;rlhquake?
®

Radio?
®

I(C,A,{B,E,R})

Alarm?

(A)

T
Eal 17
©
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Weak Union

Ipr(X,Z,  UW) only if Ip,(X,ZU W)

If the information yw is not relevant to our belief in x, then the
partial information y will not make the rest of the information, w,
relevant.

Markov(G) gives
I(C,A,{B,E,R})

Ezlrglar);?

B)

E;rlhquake?
(E)

Radio?
®

By Weak Union
I(C,{A, B, E}, R) which is not

T
— part of Markov(G)
Call?

&

Alarm?

(A)




Weak Union

An implication of Weak Union

Ip, (X, Parents(X) U W, Non_Descendants(X) \ W)
for any W C Non_Descendants(X)
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Weak Union

An implication of Weak Union

Ip, (X, Parents(X) U W, Non_Descendants(X) \ W)
for any W C Non_Descendants(X)

Each variable X in DAG G is independent of any of its
non-descendants given its parents and the remaining
non-descendants.
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Weak Union

An implication of Weak Union
Ip; (X, Parents(X) U W, Non_Descendants(X) \ W)
for any W C Non_Descendants(X)

Each variable X in DAG G is independent of any of its
non-descendants given its parents and the remaining
non-descendants.

This can be viewed as a strengthening of the independencies
declared by Markov(G), which fall as a special case when the set
W is empty.
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Contraction

Ip:(X,Z,Y) and Ipe(X,ZU W) only if Ip.(X,Z,  UW)

If after learning the irrelevant information y, the information w is
found to be irrelevant to our belief in x, then the combined
information yw must have been irrelevant from the beginning.
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Contraction

Ip:(X,Z,Y) and Ipe(X,ZU W) only if Ip.(X,Z,  UW)

If after learning the irrelevant information y, the information w is
found to be irrelevant to our belief in x, then the combined
information yw must have been irrelevant from the beginning.

Compare Contraction with Composition

Ipr(X,Z,Y) and Ipe(X, Z, W) only if Ip.(X,Z,Y UW)
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Contraction

Ip:(X,Z,Y) and Ipe(X,ZU W) only if Ip.(X,Z,  UW)

If after learning the irrelevant information y, the information w is
found to be irrelevant to our belief in x, then the combined
information yw must have been irrelevant from the beginning.

Compare Contraction with Composition

Ipr(X,Z,Y) and Ipe(X, Z, W) only if Ip.(X,Z,Y UW)

One can view Contraction as a weaker version of Composition.
Recall that Composition does not hold for probability distributions.
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Strictly Positive Distributions

A strictly positive distribution

assign a non-zero probability to every consistent event.
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Strictly Positive Distributions

A strictly positive distribution

assign a non-zero probability to every consistent event.

A strictly positive distribution
cannot represent the behavior
of Inverter X as it will have to
assign the probability zero to
the event A=true, C =true

A strictly positive distribution cannot capture logical constraints.
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Intersection

Holds only for strictly positive distributions.

Ipe(X,ZU ) and Ipe(X,ZU ) only if Ipr(X, Z,

If information w is irrelevant given y, and y is irrelevant given w,
then combined information yw is irrelevant to start with.
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Intersection

Holds only for strictly positive distributions.

Ipe(X,ZU ) and Ipe(X,ZU ) only if Ipr(X, Z,

If information w is irrelevant given y, and y is irrelevant given w,
then combined information yw is irrelevant to start with.

Given A, C irrelevant to E J
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Intersection

Holds only for strictly positive distributions.

Ipe(X,ZU ) and Ipe(X,ZU ) only if Ipr(X, Z,

If information w is irrelevant given y, and y is irrelevant given w,
then combined information yw is irrelevant to start with.

Given A, C irrelevant to E J

Given C, A irrelevant to E )
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Intersection

Holds only for strictly positive distributions.

Ipe(X,ZU ) and Ipe(X,ZU ) only if Ipr(X, Z,

If information w is irrelevant given y, and y is irrelevant given w,
then combined information yw is irrelevant to start with.

Given A, C irrelevant to E J

Given C, A irrelevant to E )

c ‘UD
NIY _
\? A and C are not irrelevant to E
E
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The Graphoid Axioms

Triviality: Ip(X,Z,0)
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The Graphoid Axioms

Triviality: Ip(X,Z,0)

Symmetry, Decomposition, Weak Union, and Contraction,
combined with Triviality, are known as the graphoid axioms. J
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The Graphoid Axioms

Triviality: Ip(X,Z,0)

Symmetry, Decomposition, Weak Union, and Contraction,
combined with Triviality, are known as the graphoid axioms. J

With Intersection, the set is known as the positive graphoid axioms.J
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The Graphoid Axioms

Triviality: Ip(X,Z,0)

Symmetry, Decomposition, Weak Union, and Contraction,
combined with Triviality, are known as the graphoid axioms. J

With Intersection, the set is known as the positive graphoid axioms.J

Decomposition, Weak Union, and Contraction in one statement

Ipe(X, Z,Y UW) iff Ipe(X,Z,Y) and Ip(X,Z U Y, W)
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The Graphoid Axioms

Triviality: Ip(X,Z,0)

Symmetry, Decomposition, Weak Union, and Contraction,
combined with Triviality, are known as the graphoid axioms. J

With Intersection, the set is known as the positive graphoid axioms.J

Decomposition, Weak Union, and Contraction in one statement

Ipe(X, Z,Y UW) iff Ipe(X,Z,Y) and Ip(X,Z U Y, W)

The terms semi-graphoid and graphoid are sometimes used instead
of graphoid and positive graphoid, respectively.
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A Graphical Test of Independence

The inferential power of the graphoid axioms can be captured
using a graphical test, known as d-separation, which allows one to
mechanically derive the independencies implied by these axioms.
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A Graphical Test of Independence

The inferential power of the graphoid axioms can be captured
using a graphical test, known as d-separation, which allows one to
mechanically derive the independencies implied by these axioms.

X and Y are d-separated by Z, written dsepg(X,Z,Y)

iff every path between a node in X and a node in Y is blocked by Z

Adnan Darwiche Chapter 4: Bayesian Networks



A Graphical Test of Independence

The inferential power of the graphoid axioms can be captured
using a graphical test, known as d-separation, which allows one to
mechanically derive the independencies implied by these axioms.

X and Y are d-separated by Z, written dsepg(X,Z,Y)

iff every path between a node in X and a node in Y is blocked by Z

The definition of d-separation relies on

the notion of blocking a path by a set of variables Z
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A Graphical Test of Independence

The inferential power of the graphoid axioms can be captured
using a graphical test, known as d-separation, which allows one to
mechanically derive the independencies implied by these axioms.

X and Y are d-separated by Z, written dsepg(X,Z,Y)

iff every path between a node in X and a node in Y is blocked by Z

The definition of d-separation relies on

the notion of blocking a path by a set of variables Z

dsepg(X,Z,Y) implies Ip;(X,Z,Y)

for every probability distribution Pr induced by G
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d-separation
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d-separation

View the path as a
and view each variable W on the path as a valve.
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d-separation

o B g T

View the path as a

and view each variable W on the path as a valve.

A valve W is either or

depending on some conditions that we state later.
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d-separation

o B g T

View the path as a

and view each variable W on the path as a valve.

A valve W is either or
depending on some conditions that we state later.

If at least one of the valves on the path is closed
the whole path is blocked. Otherwise, the path is not blocked.
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d-separation

The type of a valve
is determined by its relationship to its neighbors on the path.
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d-separation

The type of a valve
is determined by its relationship to its neighbors on the path.

sequential -W— )

O-w-0
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d-separation

The type of a valve
is determined by its relationship to its neighbors on the path.

sequential —W— | divergent —W— |

O-w-0
Q/@\Q
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d-separation

The type of a valve
is determined by its relationship to its neighbors on the path.
sequential -W— ) divergent «W— ] convergent —>W<—J

ceo & AP
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d-separation

A path with 6 valves J
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d-separation

A path with 6 valves J

From left to right
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d-separation

A path with 6 valves J

From left to right

convergent,
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d-separation

A path with 6 valves J

From left to right

convergent, divergent,
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d-separation

A path with 6 valves J

From left to right

convergent, divergent, sequential,
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d-separation

A path with 6 valves J

From left to right

convergent, divergent, sequential, convergent,
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d-separation

A path with 6 valves J

From left to right

convergent, divergent, sequential, convergent, sequential,
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d-separation

A path with 6 valves J

From left to right

convergent, divergent, sequential, convergent, sequential, and
sequential.
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d-separation
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d-separation

sequential valve )

A is intermediary
between cause E
and effect C
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d-separation

sequential valve divergent valve
g

/" Burglay?
N 4

e ™
o /
A is intermediary E is common cause
between cause E of effects R and A

and effect C
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d-separation

sequential valve ) divergent valve ) convergent valve )

/7 Burglay? N
AN ®

e

~_© S
A is intermediary E is common cause A is common effect
between cause E of effects R and A of causes E and B

and effect C
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d-separation

Given that we know Z

when is a sequential valve closed?
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d-separation

Given that we know Z
when is a sequential valve closed?

Valve E—A—C is closed iff

we know the value of variable
A, otherwise an earthquake E
may change our belief in
getting a call C.
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d-separation

Given that we know Z
when is a sequential valve closed?

Valve E—A—C is closed iff

we know the value of variable
A, otherwise an earthquake E
may change our belief in
getting a call C.

A sequential valve —=W— is closed iff variable W appears in Z |
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d-separation

Given that we know Z

when is a divergent valve closed?
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d-separation

Given that we know Z
when is a divergent valve closed?

Valve R«E—A is closed iff

we know the value of variable
E, otherwise a radio report on
an earthquake may change our
belief in the alarm triggering.
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d-separation

Given that we know Z
when is a divergent valve closed?

Valve R«E—A is closed iff

we know the value of variable
E, otherwise a radio report on
an earthquake may change our
belief in the alarm triggering.

A divergent valve < W— is closed iff variable W appears in Z )
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d-separation

Given that we know Z

when is a convergent valve closed?

7 Radio?
N ®) )
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d-separation

Given that we know Z
when is a convergent valve closed?

Valve E—A«B is closed iff

neither the value of variable A

nor the value of C are known,
otherwise, a burglary may
change our belief in an

,/i\ earthquake.

7 Radio?
N ®) ~
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d-separation

Given that we know Z
when is a convergent valve closed?

Valve E—A«B is closed iff

neither the value of variable A
nor the value of C are known,
otherwise, a burglary may
change our belief in an
earthquake.

7 Radio?
N ®) ~

|

e “can \\‘
N_© /

A convergent valve —W+— is closed iff neither variable W nor any
of its descendants appears in Z
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d-separation

Xand Y are by Z, written dsepg(X, Z,Y), iff
every path between a node in X and a node in Y is blocked by Z
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d-separation

Xand Y are by Z, written dsepg(X, Z,Y), iff
every path between a node in X and a node in Y is blocked by Z

A path is blocked by Z iff
at least one valve on the path is closed given Z

Adnan Darwiche Chapter 4: Bayesian Networks



d-separation

Xand Y are by Z, written dsepg(X, Z,Y), iff
every path between a node in X and a node in Y is blocked by Z

A path is blocked by Z iff
at least one valve on the path is closed given Z

A path with no valves (i.e., X — Y) is never blocked. J
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d-separation

Earthquake?

Are B and R d-separated by E J
(E)

Burglary? and C?
(B)

closed

Radio?
(R)

U
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d-separation

Are B and R d-separated by E J

Burglary? and C?
(B)

Earthquake?
(E)

Radio?
(R)

N

The closure of only one valve is
sufficient to block the path,
therefore, establishing
d-separation.
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d-separation

Earthquake? Burglary? Are C and R d-separated? )
(E) (B)
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d-separation

Earthquake? Burglary? Are C and R d-separated? )
(E) (B)
Both valves are open. Hence,
® the path is not blocked and

d-separation does not hold.
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d-separation

T . T
Visit to Asia? Stoker?
oW s
.
T henul ~~~~ > Lung Cancer?
\ o
" Bronehits?
®)
Open —
T

Tuberculosis or Cancer?
U’)
7<’\ closed ) |
-
ositive X-Ray?

Are C and B d-separated by S?J
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d-separation

“Viitto Avi? T skt
D @
Tut henulmhs Lung Cancer?
\; (©)
A</ " Bronchitis >
fpen \\?/ Both paths between them are

<‘>> \]J/ blocked by S.

]

Are C and B d-separated by S?J
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Is Ip:(S1, S2,{S3,S4}) for any probability distribution Pr induced
by the DAG? J
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Is Ip:(S1, S2,{S3,S4}) for any probability distribution Pr induced
by the DAG? J

Valve S5;—5,— 53 on every path
between S; and {Ss, S4} ’
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d-separation

Is Ip:(S1, S2,{S3,S4}) for any probability distribution Pr induced
by the DAG? ’

Valve S5;—5,— 53 on every path
between S; and {Ss, S4} ’

€s)
1 T 3 n Valve is closed given S, J
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d-separation

Is Ip:(S1, S2,{S3,S4}) for any probability distribution Pr induced
by the DAG? ’

Valve S5;—5,— 53 on every path
between S; and {Ss, S4} ’

1 T 3 n Valve is closed given S, J
Every path from S; to {S3, 54} is
‘o) (0. (6) (0 blocked by S, and we have
w w v w dsepG(SlaS27{53754})
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Complexity of d-separation

The definition of d-separation, dseps(X,Z,Y), calls for

considering all paths connecting a node in X with a node in Y. The
number of such paths can be exponential, yet one can implement the test
without having to enumerate these paths explicitly.
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Complexity of d-separation

The definition of d-separation, dseps(X,Z,Y), calls for

considering all paths connecting a node in X with a node in Y. The
number of such paths can be exponential, yet one can implement the test
without having to enumerate these paths explicitly.

Deciding dsepg(X, Z,Y) is equivalent to testing whether X and Y are

in a new DAG G’ obtained by pruning DAG G
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Complexity of d-separation

The definition of d-separation, dseps(X,Z,Y), calls for

considering all paths connecting a node in X with a node in Y. The
number of such paths can be exponential, yet one can implement the test
without having to enumerate these paths explicitly.

Deciding dsepg(X, Z,Y) is equivalent to testing whether X and Y are

in a new DAG G’ obtained by pruning DAG G

@ Delete any leaf node W from DAG G as long as W not in
XUY UZ. Repeat until no more nodes can be deleted.
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Complexity of d-separation

The definition of d-separation, dseps(X,Z,Y), calls for

considering all paths connecting a node in X with a node in Y. The
number of such paths can be exponential, yet one can implement the test
without having to enumerate these paths explicitly.

Deciding dsepg(X, Z,Y) is equivalent to testing whether X and Y are

in a new DAG G’ obtained by pruning DAG G

@ Delete any leaf node W from DAG G as long as W not in
XUY UZ. Repeat until no more nodes can be deleted.

@ Delete all edges outgoing from nodes in Z.
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Complexity of d-separation

The definition of d-separation, dseps(X,Z,Y), calls for

considering all paths connecting a node in X with a node in Y. The
number of such paths can be exponential, yet one can implement the test
without having to enumerate these paths explicitly.

Deciding dsepg(X, Z,Y) is equivalent to testing whether X and Y are

in a new DAG G’ obtained by pruning DAG G

@ Delete any leaf node W from DAG G as long as W not in
XUY UZ. Repeat until no more nodes can be deleted.

@ Delete all edges outgoing from nodes in Z.

Decided in time and space that are linear in the size of DAG G )
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Complexity of d-separation

Nodes in Z are shaded. Pruned nodes and edges are dotted. J

Bronchitis?
(B)

Dyspnoea?
)

Positive X-Ray?
X)
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Complexity of d-separation

Nodes in Z are shaded. Pruned nodes and edges are dotted. )

Bronchitis?
(B)

Positive X-Ray? Dyspnoea?
X) (D)

Is X = {A, S} d-separated from Y = {D, X} by Z = {B, P}?
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Complexity of d-separation

Nodes in Z are shaded. Pruned nodes and edges are dotted. )

Bronchitis?
(B)

Positive X-Ray? Dyspnoea?
X) (D)

Is X = {A, S} d-separated from Y = {D, X} by Z = {B, P}?

Yes
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Complexity of d-separation

Nodes in Z are shaded. Pruned nodes and edges are dotted. )
¥ o

Lung Cancer? = Y
© >
Bronchitis?
(B)
Tuberculosis or Cancer? H
)

Visit to Asia?
A)

Positive X-Ray?
X

Dyspnoca?
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Complexity of d-separation

Nodes in Z are shaded. Pruned nodes and edges are dotted.

Visit to Asia?
A)

Smoker?
(S)

Lun Cancer? =
(O 3
Bronchitis?
lB)
Tuberculosis or Cancer?
(P)

Positive X-Ray?
X

Is X ={T, C} d-separated from Y = {B} by Z = {S, X}?
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Complexity of d-separation

Nodes in Z are shaded. Pruned nodes and edges are dotted. )

Smoker?
(S)

Lun Cancer? =
(O 3
Bronchitis?
lB)
Tuberculosis or Cancer?
(P)

Positive X-Ray?
X

Visit to Asia?
A)

Is X ={T, C} d-separated from Y = {B} by Z = {S, X}?

Yes
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Soundness of d-separation

The d-separation test is

If distribution Pr is induced by Bayesian network (G, ©), then

dsep¢(X,Z,Y) only if pp(X,Z,Y)
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Soundness of d-separation

The d-separation test is
If distribution Pr is induced by Bayesian network (G, ©), then

dsep¢(X,Z,Y) only if pp(X,Z,Y)

The proof of soundness is constructive

showing that every independence claimed by d-separation can
indeed be derived using the graphoid axioms.

Adnan Darwiche Chapter 4: Bayesian Networks



Completeness of d-separation

d-separation is
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Completeness of d-separation

d-separation is

@ Consider a network with three binary variables X—Y—Z

Adnan Darwiche Chapter 4: Bayesian Networks



Completeness of d-separation

d-separation is

@ Consider a network with three binary variables X—Y—Z

@ Z is not d-separated from X
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Completeness of d-separation

d-separation is

@ Consider a network with three binary variables X—Y—Z
@ Z is not d-separated from X

@ Z can be independent of X in a probability distribution
induced by this network.
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Completeness of d-separation

@ Consider a network with three binary variables X—Y—Z
@ Z is not d-separated from X

@ Z can be independent of X in a probability distribution
induced by this network.

Example

Choose the CPT for variable Y so that 0, = 0,5
Y independent of X since

e Pr(y) = Pr(y|x) = Pr(y|x) and
o Pr(7) = Pr(7/x) = Pr(7I%)
Z is also independent of X
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Completeness of d-separation

By choosing the parametrization © carefully, we were able to
establish an independence in the induced distribution which
d-separation cannot detect.

Adnan Darwiche Chapter 4: Bayesian Networks



Completeness of d-separation

By choosing the parametrization © carefully, we were able to
establish an independence in the induced distribution which
d-separation cannot detect.

If X and Y are d-separated by Z
then X and Y are independent given Z for any parametrization ©
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Completeness of d-separation

By choosing the parametrization © carefully, we were able to
establish an independence in the induced distribution which
d-separation cannot detect.

If X and Y are d-separated by Z
then X and Y are independent given Z for any parametrization ©

If X and Y are not d-separated by Z

then whether X and Y are dependent given Z depends on the
specific parametrization ©
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Completeness of d-separation

Can we always parameterize a DAG G in such a way to ensure the
completeness of d-separation?
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Completeness of d-separation

Can we always parameterize a DAG G in such a way to ensure the
completeness of d-separation?

For every DAG G, there is a parametrization © such that

Ipx(X, Z,Y) if and only if dsepc(X,Z,Y)
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Completeness of d-separation

Can we always parameterize a DAG G in such a way to ensure the
completeness of d-separation?

For every DAG G, there is a parametrization © such that

Ipx(X, Z,Y) if and only if dsepc(X,Z,Y)

There is no other graphical test

which can derive more independencies from Markov(G) than those
derived by d-separation.
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Further Properties of d-separation

Probabilistic independence Composition
Ip:(X,Z,Y) and Ipp(X,Z, W) only if lp(X,Z,Y UW)
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Further Properties of d-separation

Probabilistic independence Composition
Ip:(X,Z,Y) and Ipp(X,Z, W) only if lp(X,Z,Y UW)

d-separation Composition

dsep(X, Z,Y) and dsep(X,Z, W) only if dsep(X,Z,Y UW)
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Further Properties of d-separation

Probabilistic independence Composition
Ip:(X,Z,Y) and Ipp(X,Z, W) only if lp(X,Z,Y UW)

d-separation Composition

dsep(X, Z,Y) and dsep(X,Z, W) only if dsep(X,Z,Y UW)

Implication...

If we have a distribution that satisfies /p;(X,Z,Y) and

Ip:(X, Z, W) but not /p,(X,Z,Y UW), there could not exist a
DAG G which induces Pr and at the same time satisfies
dsepc(X,Z,Y) and dsepg(X,Z,W).
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Further Properties of d-separation

d-separation satisfies additional properties

beyond Composition, which do not hold for arbitrary distributions.
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Further Properties of d-separation

d-separation satisfies additional properties

beyond Composition, which do not hold for arbitrary distributions.

d-separation satisfies Intersection
dsep(X, ZUW,Y) and dsep(X, ZUY, W) only if dsep(X, Z, YUW)
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Further Properties of d-separation

d-separation satisfies additional properties

beyond Composition, which do not hold for arbitrary distributions.

d-separation satisfies Intersection
dsep(X, ZUW,Y) and dsep(X, ZUY, W) only if dsep(X, Z, YUW)

d-separation satisfies

dsep(X,{Z, W}, Y) and dsep(W,{X, Y}, Z) only if
dsep(X, Z,Y) or dsep(X, W, Y)
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More on DAGs and Independence

G is an independence MAP of Pr iff

dsepg(X,Z,Y) only if Ipy(X,Z,Y)
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More on DAGs and Independence

G is an independence MAP of Pr iff
dsepg(X,Z,Y) only if Ipy(X,Z,Y)

An I-MAP G is iff
G ceases to be an I-MAP when we delete any edge from G
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More on DAGs and Independence

G is an independence MAP of Pr iff
dsepg(X,Z,Y) only if Ipy(X,Z,Y)

An I-MAP G is iff
G ceases to be an I-MAP when we delete any edge from G

By the semantics of Bayesian networks

if Pris induced by a Bayesian network (G, ©), then G must be an
I-MAP of Pr, although it may not be minimal.
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More on DAGs and Independence

DAG G is a dependency MAP of distribution Pr iff

Ip:(X,Z,Y) only if dsepg(X,Z,Y)
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More on DAGs and Independence

DAG G is a dependency MAP of distribution Pr iff

Ip:(X,Z,Y) only if dsepg(X,Z,Y)

If G is a D-MAP of Pr
then the lack of d-separation in G implies a dependence in Pr
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More on DAGs and Independence

DAG G is a dependency MAP of distribution Pr iff

Ip:(X,Z,Y) only if dsepg(X,Z,Y)

If G is a D-MAP of Pr
then the lack of d-separation in G implies a dependence in Pr

DAG G is a perfect MAP of distribution Pr iff

G is both an I-MAP and a D-MAP of Pr
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Minimal I-MAPs

Given a distribution Pr, how can we construct a DAG G which is
guaranteed to be a minimal I-MAP of Pr? J
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Minimal I-MAPs

Given a distribution Pr, how can we construct a DAG G which is
guaranteed to be a minimal I-MAP of Pr? J

Given an ordering Xi,..., X, of the variables in Pr:
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Minimal I-MAPs

Given a distribution Pr, how can we construct a DAG G which is
guaranteed to be a minimal I-MAP of Pr? J

Given an ordering Xi,..., X, of the variables in Pr:
e Start with an empty DAG G (no edges)
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Minimal I-MAPs

Given a distribution Pr, how can we construct a DAG G which is
guaranteed to be a minimal I-MAP of Pr? J

Given an ordering Xi,..., X, of the variables in Pr:
e Start with an empty DAG G (no edges)

o Consider the variables X; one by one, for i =1,...,n
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Minimal I-MAPs

Given a distribution Pr, how can we construct a DAG G which is
guaranteed to be a minimal I-MAP of Pr? J

Given an ordering Xi,..., X, of the variables in Pr:
e Start with an empty DAG G (no edges)

o Consider the variables X; one by one, for i =1,...,n

@ For each variable X;, identify a minimal subset P of the
variables in Xi, ..., Xj_1 such that
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Minimal I-MAPs

Given a distribution Pr, how can we construct a DAG G which is
guaranteed to be a minimal I-MAP of Pr? J

Given an ordering Xi,..., X, of the variables in Pr:
e Start with an empty DAG G (no edges)

o Consider the variables X; one by one, for i =1,...,n

@ For each variable X;, identify a minimal subset P of the
variables in Xi, ..., Xj_1 such that

° IPr(Xi; P7 {Xla s aXi—l} \ P)

Adnan Darwiche Chapter 4: Bayesian Networks



Minimal I-MAPs

Given a distribution Pr, how can we construct a DAG G which is
guaranteed to be a minimal I-MAP of Pr? J

Given an ordering Xi,..., X, of the variables in Pr:
e Start with an empty DAG G (no edges)

o Consider the variables X; one by one, for i =1,...,n

@ For each variable X;, identify a minimal subset P of the
variables in Xi, ..., Xj_1 such that
o Ip.(X;,P,{X1,...,Xi—1} \ P)
o Make P the parents of X; in DAG G
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Minimal I-MAPs

Given a distribution Pr, how can we construct a DAG G which is
guaranteed to be a minimal I-MAP of Pr? J

Given an ordering Xi,..., X, of the variables in Pr:
e Start with an empty DAG G (no edges)

o Consider the variables X; one by one, for i =1,...,n

@ For each variable X;, identify a minimal subset P of the
variables in Xi, ..., Xj_1 such that
o Ip.(X;,P,{X1,...,Xi—1} \ P)
o Make P the parents of X; in DAG G

The resulting DAG is a minimal I-MAP of Pr

Adnan Darwiche Chapter 4: Bayesian Networks



Minimal I-MAPs

Construct a minimal I-MAP G for some distribution Pr using the
previous procedure and variable order A, B, C, E, R. J
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Minimal I-MAPs

Construct a minimal I-MAP G for some distribution Pr using the

previous procedure and variable order A, B, C, E, R. ’
e fim}:(::akw> j‘if(‘g[;"‘/i)
/ .
/ . Suppose that DAG G’ is a
(R(;’L):) /\/i'(A)“j P-MAP of distribution Pr
\
e

/ey
N_©
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Minimal I-MAPs

Construct a minimal I-MAP G for some distribution Pr using the
previous procedure and variable order A, B, C, E, R. ’

g Emhq.mw> Burglary? ™\

_® .
/ - // Suppose that DAG G’ is a
(R:L):) /\’f'w“j) P-MAP of distribution Pr ’
\
//ai;)
O

Independence tests Ip,(X;, P, {Xi Xi—1}\ P)

can now be reduced to equivalent d—separatlon tests
dsepG,(X,-, P, {Xl, o0 7)(,',]_} \ P)
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Minimal I-MAPs

<Ear(hqunkeb - /Burl,lmy)

B L)
_ L
Variable order A, B, C,E, R J it Alm
\\(RL) (A) 3
/L,,,
" call?
O
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Minimal I-MAPs

/]:Zr(hqunke’ Brl|\
o

B 3 )
| / N
Variable order A, B, C,E, R J S d.ov Alarm
L ® (A)B
$
<3

Adnan Darwiche Chapter 4: Bayesian Networks



Minimal I-MAPs

/]:Zr(hqunke’ Brl|\
o

B _®
Variable order A, B, C,E, R / B
ariable oraer 9 b 9 Y Rd io? Alarm
J /\ (z) > 1(A)B
Ci‘:!”)
A P=10

B: P = Asince dsepg/ (B, A, D) and not dsepg. (B, 0, A)
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Minimal I-MAPs

/Er(hqunkes Burl,lmy\
™ )

- B

N
Variable order A,B,C,E, R J /

/ Rddlo‘7> Alarmv
N ® (A)

CC&“D
A P=10
B: P = Asince dsepg/ (B, A, D) and not dsepg. (B, 0, A)
C: P = Asince dsep¢/(C, A, B) and not dsep(C, 0, {A, B})
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Minimal I-MAPs

<]:Z r(hqunkes /Burl,lmy\

® _®
Variable order A, B, C. E, R / -
aria € oraer 9 3 9 9 R4 io? Alarm
J < (z) > l(A)B

C“&“D
P=19
P = A since dsep¢/ (B, A, 1) and not dsep¢/ (B, 0, A)
P = A since dsep¢/(C, A, B) and not dsep(C, 0, {A, B})

P = A, B is the smallest subset of A, B, C such that
dsep¢/ (E,P,{A,B,C}\ P)

mo » >
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Minimal I-MAPs

<]:Z r(hqunkes /Burl,lmy\

® _®
Variable order A,B,C,E, R / B
ariable oraer 9 b 9 Y Rd io? Alarm
J /\ (% > 1<A>3
Cii"ﬂ)

P=1
P = A since dsep¢/ (B, A, 1) and not dsep¢/ (B, 0, A)
P = A since dsep¢/(C, A, B) and not dsep(C, 0, {A, B})

P = A, B is the smallest subset of A, B, C such that
dsep¢/ (E,P,{A,B,C}\ P)

P = E is the smallest subset of A, B, C, E such that
dSQpG/(R, Pv {Av Bv C7 E} \ P)
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Minimal I-MAPs

DAG G’ and distribution Pr | Minimal I-MAP G J

/ Earthquake? ™ Burglary? \ ;mhqudl\(ﬂ\/ gy
_® ( B \ B \/\,@,,,/
\\
f < 7 “ /
/ / N
T e
/ R:xdm’\ “Alarm? \ 7 Radio? ™ {/ Alarm?
L ) ® w
® T “
| \
—y__
e N ca N
_© ©
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Minimal I-MAPs

DAG G’ and distribution Pr | Minimal I-MAP G J
Farthquake? Burglary? \  Earthquake? ™ ——
G LB
i v . ®
oy .
I o P S ,,\l,\
/" Radio? ?/Ah,m \ 7~ Radio? ™ r/ Alarm?
L ® W w W S
®) == L
| |
e TN
\_©_ > < ©

o If dsepg(X, ZjY), then dsepg/(X,Z,Y) and Ip(X,Z,Y)
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Minimal I-MAPs

DAG G’ and distribution Pr | Minimal I-MAP G J
S urglan \ /" Barthquake?™ ——
(gt LB
O 7 . ®)
f . / / N /
. - K IANAR
/" Radio? ?/Ah,m \ 7~ Radio? ™ r/ Alarm?
L ® W w W S
(®) == “
| |
e G
\\C<£I)> < © )

o If dsepg(X,Z,Y), then dsepe/(X,Z,Y) and Ip:(X,Z,Y)
@ This ceases to hold if we delete any of the five edges in G
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Minimal I-MAPs

DAG G’ and distribution Pr | Minimal I-MAP G J
 Farthquake? Burglary? \ - /]:dl1hqud1\(.7\ o arglary
G (Y i D

// Ny
L N ~L
e R:xdm’> Alarm? (" Radio? ™ ¢ Alarm?
® W B W
\

/,,,L (/,,,L,,,\

Call? Call?
© ) N

o If dsepe(X,Z,Y), then dsepe (X, Z,Y) and fpr(X, Z,Y)
@ This ceases to hold if we delete any of the five edges in G

If we delete the edge E «— B
we will have dsep¢(E, A, B), yet dsepg/(E, A, B) does not hold.
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Uniqueness of Minimal I-MAPs

The minimal I-MAP of a distribution is not unique

we may get different ones depending on the chosen variable order.
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Uniqueness of Minimal I-MAPs

The minimal I-MAP of a distribution is not unique

we may get different ones depending on the chosen variable order.

Even when using the same variable ordering

we may have multiple minimal subsets P of {Xi,..., X;_1} for
which /pr(X,', P, {Xl, 500 ,X,'_l} \ P)
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Uniqueness of Minimal I-MAPs

The minimal I-MAP of a distribution is not unique

we may get different ones depending on the chosen variable order.

Even when using the same variable ordering

we may have multiple minimal subsets P of {Xi,..., X;_1} for
which /pr(X,', P, {Xl, 500 ,X,'_l} \ P)

This can only happen if

the probability distribution represents some logical constraints.
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Uniqueness of Minimal I-MAPs

The minimal I-MAP of a distribution is not unique

we may get different ones depending on the chosen variable order.

Even when using the same variable ordering

we may have multiple minimal subsets P of {Xi,..., X;_1} for
which /pr(X,', P, {Xl, 500 ,X,'_l} \ P)

This can only happen if

the probability distribution represents some logical constraints.

We can ensure the uniqueness of a minimal I-MAP for a given

variable ordering

if we restrict ourselves to strictly positive distributions.
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Blankets and Boundaries

for variable X

is a set of variables which, when known, will render every other
variable irrelevant to X
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Blankets and Boundaries

for variable X

is a set of variables which, when known, will render every other
variable irrelevant to X

A Markov blanket B is iff
no strict subset of B is also a Markov blanket.
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Blankets and Boundaries

for variable X

is a set of variables which, when known, will render every other
variable irrelevant to X

A Markov blanket B is iff

no strict subset of B is also a Markov blanket.

A minimal Markov blanket
is called a Markov Boundary.
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Blankets and Boundaries

for variable X

is a set of variables which, when known, will render every other
variable irrelevant to X

A Markov blanket B is iff

no strict subset of B is also a Markov blanket.
A minimal Markov blanket

is called a Markov Boundary.

The Markov Boundary is not unique

unless the distribution is strictly positive.
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Blankets and Boundaries

If distribution Pr is induced by DAG G

then a Markov blanket for variable X with respect to Pr can be
constructed using its parents, children, and spouses in DAG G
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Blankets and Boundaries

If distribution Pr is induced by DAG G

then a Markov blanket for variable X with respect to Pr can be
constructed using its parents, children, and spouses in DAG G

Variable Y is a spouse of X iff
the two variables have a common child in DAG G
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Blankets and Boundaries

Visit to Asia? Smoker?

Ay )
Y~ 7~
Lung Cancer?

Tuberculosis? ©
( 7

n _
! \/
Tuberculosis or an%
»
~ \
-

Positive X-Ray?
X
Y~

Markov blanket for C

Bronchitis?
(B)

\

Dyspnoea?
(D)
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Blankets and Boundaries

Visit to Asia? Smoker?

Ay )
Y~ 7~
Lung Cancer?

Tuberculosis? ©
( 7

n _
! \/
Tuberculosis or an%
»
~ \
-

Positive X-Ray?
X
Y~

Markov blanket for C

Bronchitis?
(B)

\

Dyspnoea?
(D)

S,P, T
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Blankets and Boundaries

B S

RN

Markov blanket for Sy, t > 1

Markov blanket for C
S,P, T
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Blankets and Boundaries

B S

RN

Markov blanket for Sy, t > 1
5t—1?5t+1a Ol’

Markov blanket for C
S,P, T
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