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Arithmetic Circuits
• Exploits 

functional constraints and
context-specific independence 

• Real-time inference

• Can be learned from data or 
even handcrafted
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-Functional constraints
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Perceived Barrier: Treewidth

O(nexp{w})
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Relational Probabilistic Models

burglary(v)=0.005;
alarm(v)=(burglary(v):0.95,0.01);

calls(v,w)=
 (neighbor(v,w):
  (prankster(v)):

   (alarm(w):0.9,0.05),
   (alarm(w):0.9,0)),0);

alarmed(v)=
  n-or{calls(w,v)|w:neighbor(w,v)}

Primula



Ace: compile BNs to ACs
http://reasoning.cs.ucla.edu/ace/

UAI’08 Competition: 
Exact Inference using ACs



2021 Evaluation: 
Exact Inference using ACs

reasoning.cs.ucla.edu/ace
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Effect of Evidence on Values 
of Evidence Indicators
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=.03λaλb + .27λaλ~b + .56λ~aλb + .14λ~a λ~b

F(λ~a, λ~b, λa, λb)

Pr(a,~b)
= F(λ~a:0, λ~b:1, λa:1 , λb:0)  
= .27

Pr(a)
= F(λ~a:0, λ~b:1, λa:1 , λb:1)  
= .03+.27



=.03λaλb + .27λaλ~b + .56λ~aλb + .14λ~a λ~b

F(λ~a, λ~b, λa, λb)

Pr(a,~b)
= F(λ~a:0, λ~b:1, λa:1 , λb:0)  
= F(a,~b) = .27 

Pr(a)
= F(λ~a:0, λ~b:1, λa:1 , λb:1)  
= F(a) = .03+.27 



The Network Polynomial
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Factoring the Network Polynomial
into an Arithmetic Circuit (AC)



Arithmetic Circuits
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Evaluating and 
Differentiating Circuits
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Differentiation Schemes
Assume alternating levels of +/* nodes, 

with one parent per *node

• Method A:
Two registers per +node 

• Method B:
One register per node

• Method C:
One register per node, two bits per *node



Notation
(Evaluating the Polynomial)

)Pr(..)()( eFeF === l
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The Partial Derivatives
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Compiling 
Arithmetic Circuits

using 
Variable Elimination
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Eliminating A
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Optional Reading
An Advance on Variable Elimination with Applications to 

Tensor-Based Computation

New VE Algorithm that exploits functional 
dependencies & outputs an AC in the form of a 

Tensor Graph



Extracting 
Arithmetic Circuits from 

Jointrees



A Jointree is an Arithmetic Circuit
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Differentiation Schemes
Assume alternating levels of +/* nodes, 

with one parent per *node

• Method A:
Two registers per +node 

• Method B:
One register per node

• Method C:
One register per node, two bits per *node



Jointree Flavors

• Shenoy-Shafer: 
Method A for differentiating circuits

• Hugin:
Method B for differentiating circuits

• Zero-Conscious Hugin:
Method C for differentiating circuits



Compiling 
Arithmetic Circuits 

by Reduction to Logic



Compiler

Boolean
Circuit**

Boolean 
Formula

Multi-Linear 
Function

Arithmetic
Circuit

Encode Decode

Factoring Multi-Linear Functions
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Boolean Encoding of Multi-
Linear Functions

Boolean Formula:
Δ = C ^ (A Ú ¬ B)

Encodes:
F = a c + a b c + c

A B C Encodes term
T T T abc
T T F ab
T F T ac
T F F a
F T T bc
F T F b
F F T c
F F F 1
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Boolean Encoding of 
Bayesian Networks

A B
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Functional Constraints
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Context-Specific Independence
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Ace: compile BNs to ACs
http://reasoning.cs.ucla.edu/ace/

UAI’08 Competition: 
Exact Inference using ACs



2021 Evaluation: 
Exact Inference using ACs

reasoning.cs.ucla.edu/ace



Optional Reading
An Advance on Variable Elimination with Applications to 

Tensor-Based Computation (2020)

New VE Algorithm that exploits 
unknown functional dependencies 

& 
outputs an AC in the form of a Tensor Graph



Functional Dependencies

We may know that Y is a function of X, Y = f(X), but may not know the identity of the function f

Unknown Functional Dependencies: Another type of Background Knowledge (BK)



Structural Causal Models 
(SCMs)

exogenous variables
(distributions)

endogenous variables
(functions)

unknown functional dependencies
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The Main VE Theorem

factor over 4 variables

expressions to be evaluated

VE theorem 
can help

VE theorem cannot help



The New VE Theorems 

Theorem 1: 
replicate functional CPTs

Theorem 2: 
smaller factors

VE theorem cannot help

We don’t need to know the identity of function f(XY)




