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Lecture 7. Outline.

1. Modular Arithmetic.
Clock Math!!!

2. Inverses for Modular Arithmetic: Greatest Common Divisor.
Division!!!

3. Euclid’s GCD Algorithm.
A little tricky here!
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Modular Arithmetic.

Applications: cryptography, error correction.
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Theorem: If d|x and d|y, then d|(y — x).
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Key ideas for modular arithmetic.

Theorem: If d|x and d|y, then d|(y — x).

Proof:
x=ad, y=bd,
(x—y)=(ad—bd)=d(a—b) = d|(x—y).
O
Theorem: Every number n > 2 can be represented as a product of
primes.
Proof: Either prime, or n= a x b, and use strong induction. O

(Uniqueness? Later.)
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Poll

What did we use in our proofs of key ideas?

Distributive Property of multiplication over addition.
Euler’s formula.

The definition of a prime number.

Euclid’s Lemma.
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Poll

What did we use in our proofs of key ideas?

A) Distributive Property of multiplication over addition.
B) Euler’s formula.

C) The definition of a prime number.

D) Euclid’s Lemma.

)

(
(
(
(
(A) and (C)

4/43



Next Up.

Modular Arithmetic.
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Clock Math

If it is 1:00 now.

6/43



Clock Math

If it is 1:00 now.
What time is it in 2 hours?

6/43



Clock Math

If it is 1:00 now.
What time is it in 2 hours? 3:00!

6/43



Clock Math

If it is 1:00 now.
What time is it in 2 hours? 3:00!
What time is it in 5 hours?

6/43



Clock Math

If it is 1:00 now.
What time is it in 2 hours? 3:00!
What time is it in 5 hours? 6:00!

6/43



Clock Math

If it is 1:00 now.
What time is it in 2 hours? 3:00!
What time is it in 5 hours? 6:00!
What time is it in 15 hours?

6/43



Clock Math

If it is 1:00 now.
What time is it in 2 hours? 3:00!
What time is it in 5 hours? 6:00!
What time is it in 15 hours? 16:00!

6/43



Clock Math

If it is 1:00 now.
What time is it in 2 hours? 3:00!
What time is it in 5 hours? 6:00!
What time is it in 15 hours? 16:00!
Actually 4:00.

6/43



Clock Math

If it is 1:00 now.
What time is it in 2 hours? 3:00!
What time is it in 5 hours? 6:00!
What time is it in 15 hours? 16:00!
Actually 4:00.

16 is the “same as 4” with respect to a 12 hour clock system.

6/43



Clock Math

If it is 1:00 now.
What time is it in 2 hours? 3:00!
What time is it in 5 hours? 6:00!
What time is it in 15 hours? 16:00!
Actually 4:00.

16 is the “same as 4” with respect to a 12 hour clock system.
Clock time equivalent up to to addition/subtraction of 12.

6/43



Clock Math

If it is 1:00 now.
What time is it in 2 hours? 3:00!
What time is it in 5 hours? 6:00!
What time is it in 15 hours? 16:00!
Actually 4:00.

16 is the “same as 4” with respect to a 12 hour clock system.
Clock time equivalent up to to addition/subtraction of 12.

6/43



Clock Math

If it is 1:00 now.
What time is it in 2 hours? 3:00!
What time is it in 5 hours? 6:00!
What time is it in 15 hours? 16:00!
Actually 4:00.

16 is the “same as 4” with respect to a 12 hour clock system.

Clock time equivalent up to to addition/subtraction of 12.
What time is it in 100 hours?

6/43



Clock Math

If it is 1:00 now.
What time is it in 2 hours? 3:00!
What time is it in 5 hours? 6:00!
What time is it in 15 hours? 16:00!
Actually 4:00.

16 is the “same as 4” with respect to a 12 hour clock system.

Clock time equivalent up to to addition/subtraction of 12.
What time is it in 100 hours? 101:00!

6/43



Clock Math

If it is 1:00 now.
What time is it in 2 hours? 3:00!
What time is it in 5 hours? 6:00!
What time is it in 15 hours? 16:00!
Actually 4:00.

16 is the “same as 4” with respect to a 12 hour clock system.

Clock time equivalent up to to addition/subtraction of 12.
What time is it in 100 hours? 101:00! or 5:00.

6/43



Clock Math

If it is 1:00 now.
What time is it in 2 hours? 3:00!
What time is it in 5 hours? 6:00!
What time is it in 15 hours? 16:00!
Actually 4:00.

16 is the “same as 4” with respect to a 12 hour clock system.

Clock time equivalent up to to addition/subtraction of 12.

What time is it in 100 hours? 101:00! or 5:00.
101 =12 x8+5.

6/43



Clock Math

If it is 1:00 now.
What time is it in 2 hours? 3:00!
What time is it in 5 hours? 6:00!
What time is it in 15 hours? 16:00!
Actually 4:00.

16 is the “same as 4” with respect to a 12 hour clock system.

Clock time equivalent up to to addition/subtraction of 12.

What time is it in 100 hours? 101:00! or 5:00.
101 =12x8+5.
5 is the same as 101 for a 12 hour clock system.

6/43



Clock Math

If it is 1:00 now.
What time is it in 2 hours? 3:00!
What time is it in 5 hours? 6:00!
What time is it in 15 hours? 16:00!
Actually 4:00.

16 is the “same as 4” with respect to a 12 hour clock system.
Clock time equivalent up to to addition/subtraction of 12.

What time is it in 100 hours? 101:00! or 5:00.
101 =12x8+5.
5 is the same as 101 for a 12 hour clock system.
Clock time equivalent up to addition of any integer multiple of 12.

6/43



Clock Math

If it is 1:00 now.
What time is it in 2 hours? 3:00!
What time is it in 5 hours? 6:00!
What time is it in 15 hours? 16:00!
Actually 4:00.

16 is the “same as 4” with respect to a 12 hour clock system.
Clock time equivalent up to to addition/subtraction of 12.

What time is it in 100 hours? 101:00! or 5:00.
101 =12x8+5.
5 is the same as 101 for a 12 hour clock system.
Clock time equivalent up to addition of any integer multiple of 12.

6/43



Clock Math

If it is 1:00 now.
What time is it in 2 hours? 3:00!
What time is it in 5 hours? 6:00!
What time is it in 15 hours? 16:00!
Actually 4:00.

16 is the “same as 4” with respect to a 12 hour clock system.
Clock time equivalent up to to addition/subtraction of 12.

What time is it in 100 hours? 101:00! or 5:00.
101 =12x8+5.
5 is the same as 101 for a 12 hour clock system.
Clock time equivalent up to addition of any integer multiple of 12.

Custom is only to use the representative in {12,1,...,11}

6/43



Clock Math

If it is 1:00 now.
What time is it in 2 hours? 3:00!
What time is it in 5 hours? 6:00!
What time is it in 15 hours? 16:00!
Actually 4:00.

16 is the “same as 4” with respect to a 12 hour clock system.
Clock time equivalent up to to addition/subtraction of 12.

What time is it in 100 hours? 101:00! or 5:00.
101 =12x8+5.
5 is the same as 101 for a 12 hour clock system.
Clock time equivalent up to addition of any integer multiple of 12.

Custom is only to use the representative in {12,1,...,11}
(Almost remainder, except for 12 and 0 are equivalent.)
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What is remainder of 366 when dividing by 7? 52 x 7 4 2.
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Get Day: 4+2x20+1x60=104
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Years and years...

80 years? 20 leap years. 366 x 20 days
60 regular years. 365 x 60 days
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Poll

Mark true statements.

(A) Mutliplicative inverse of 2 mod 5 is 3 mod 5.

(B) The multiplicative inverse of ((n—1) (mod n)=((n—1) (mod n)).
(C) Multiplicative inverse of 2 mod 5 is 0.5.

(D) Multiplicative inverse of 4 = —1 (mod 5).

(E) (—1)x(—1) = 1. Woohoo.

(F) Multiplicative inverse of 4 mod 5 is 4 mod 5.
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C) is false. 0.5 has no meaning in arithmetic modulo 5.
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Thm:
If greatest common divisor of x and m, gcd(x, m), is 1, then x has a
multiplicative inverse modulo m.
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Poll

Which is bijection?

(A) f(x) = x for domain and range being R

(B) f(x) = ax (mod n) for x € {0,...,n—1} and ged(a,n) =2
(C) f(x) = ax (mod n) for x € {0,...,n—1} and ged(a,n) = 1
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B
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euclid (4, 0)
4

..., check y/2.

Notice: The first argument decreases rapidly.
At least a factor of 2 in two recursive calls.

(The second is less than the first.)
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Runtime Proof.

(define (euclid x vy)
(1if (= vy 0)
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Finding an inverse?
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Euclid’s GCD algorithm.

(define (euclid x y)
(if (= y 0)
X
(euclid vy (mod x vy))))

Computes the ged(x, y) in O(n) divisions.

For x and m, if gcd(x, m) = 1 then x has an inverse modulo m.
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Multiplicative Inverse.

GCD algorithm used to tell if there is a multiplicative inverse.
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Multiplicative Inverse.

GCD algorithm used to tell if there is a multiplicative inverse.
How do we find a multiplicative inverse?
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Extended GCD

Euclid’s Extended GCD Theorem:
For any x, y there are integers a,b where

ax+by=d where d=gcd(x,y).

“Make d out of sum of multiples of x and y.”
What is multiplicative inverse of x modulo m?
By extended GCD theorem, when gcd(x, m) = 1.

ax+bm=1
ax=1—-bm=1 (mod m).

So a multiplicative inverse of x (mod m)!!
Example: For x=12 and y =35, gcd(12,35) = 1.

(3)124(—1)35=1.

a=3and b=-1.
The multiplicative inverse of 12 (mod 35) is 3.
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Extended GCD Algorithm.

ext-gcd(x,v)
if y = 0 then return(x, 1, 0)
else
(d, a, b) := ext-gcd(y, mod(x,Vy))
return (d, b, a - floor(x/y) * Db)

Theorem: Returns (d, a,b), where d = gcd(a, b) and

d=ax+by.
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Proof: Strong Induction.’

TAssume d is gcd(x, y) by previous proof.
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Review Proof: step.

Prove: returns (d, A, B) where d = Ax + By.
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if y = 0 then return(x, 1, 0)
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Review Proof: step.

Prove: returns (d, A, B) where d = Ax + By.

ext-gcd(x,v)
if y = 0 then return(x, 1, 0)
else
(d, a, b) := ext-gcd(y, mod(x,Vy))
return (d, b, a - floor(x/y) * Db)

Recursively: d = ay +b(x— | §|-y) = d=bx—(a—[}|b)y
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Hand Calculation Method for Inverses.

Example: gcd(7,60) = 1.
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Example: gcd(7,60) = 1.
egcd(7,60).

7(0)+60(1)
7(1)+60(0)
7(-8)+60(1) =
1)
)
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7(9) +60(~
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Wrap-up

Conclusion: Can find multiplicative inverses in O(n) time!
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