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else
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Hand Calculation Method for Inverses.

Example: gcd(7,60) = 1.

egcd(7,60).
7(0)+60(1) = 60
7(1)+60(0) = 7
7(—-8)+60(1) = 4
7(9)+60(—1) = 3
7(-17)+60(2) = 1

Confirm: —119+120 =1
Note: an “iterative” version of the e-gcd algorithm.
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Thm: Every natural number can be written as the product of primes.

Proof: nis either prime (base cases)
or n=ax b and aand b can be written as product of primes.

Thm: The prime factorization of n is unique up to reordering.

Fundamental Theorem of Arithmetic: Every natural number can be
written as the a unique (up to reordering) product of primes.

Generalization: things with a “division algorithm”.
One example: polynomial division.
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No shared common factors, and products.

Claim: For x,y,z € Z* with ged(x,y) =1 and x|yz then x|z.

Idea: x doesn’t share common factors with y
so it must divide z.

Euclid: 1 = ax + by.

Observe: x|axz and x|byz (since x|yz), and x divides the sum.
= x|axz+ byz
And axz+ byz = z, thus x|z.
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Fundamental Theorem of Arithmetic:uniqueness
Thm: The prime factorization of n is unique up to reordering.

Assume not.
n=pi-p2---pxandn=gqi-gz---q.
Fact: If p|g; ...q, then p = q; for some j.

If ged(p,q)) =1, = p1lqi---q—1 by Claim.
If ged(p, q)) = d, then d is a common factor.
If both prime, both only have 1 and themselves as factors.
Thus, p=gqg;=d.
End proof of fact.

Proof by induction.
Base case: If I=1,p1---px=q4.
But if gy is prime, only prime factoris gy and py =gy and I =k =1.

Induction step: From Fact: p; = q; for some j.
n/p1=pz...px and n/q; =TIli4 qi.
These two expressions are the same up to reordering by induction.
And p; is matched to g;.
O
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Lots of Mods

x=5 (mod 7) and x =3 (mod 5).
What is x (mod 35)?

Let's try 5. Not 3 (mod 5)!
Let's try 3. Not 5 (mod 7)!

If x=5 (mod 7)
then x is in {5,12,19,26,33}.

Oh, only 33 is 3 (mod 5).
Hmmm... only one solution.

A bit slow for large values.
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Let x = au+ bv.
x =a (mod m) since bv=0 (mod m) and au=a (mod m)
x=b (mod n) since au=0 (mod n) and bv = b (mod n)
This shows there is a solution. O
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(C) Rao has gone mad.

(D) Multiplying by 0, gives O.

(E) Adding one does, not too much.

E) doesn’t have to do with the rhyme.
C) Recall Polonius:
“Though this be madness, yet there is method in 't

All are (maybe) correct.
(
(
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For m,n, gcd(m,n) =1.

X modmn<«< x=a modmandx=5b modn
Yy modmn«<y=c¢ modmandy=d modn

Also, true that x+y mod mn <« a+c¢ mod mand b+d mod n.

Mapping is “isomorphic”:
corresponding addition (and multiplication) operations consistent with
mapping.
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)

(A
(
(
(
(
(A), (C), and (E)
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Fermat and Exponent reducing.

Fermat’s Little Theorem: For prime p, and a# 0 (mod p),
a’'=1 (mod p).

What is 219" (mod 7)?

Wrong: 2101 = 27+1443 — 23 (mod 7)

Fermat: 2 is relatively prime to 7. = 2% =1 (mod 7).

Correct: 2101 = 2641645 _ 25 _ 32 — 4 (mod 7).

For a prime modulus, we can reduce exponents modulo p—1!
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Lecture in a minute.
Extended Euclid: Find a,b where ax + by = gcd(x,y).
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