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What is variance?

ex)=5

How much does a random variable deviate from its mean?
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Variance (formally) AL S

Elcd=C
Definition 16.1 (Variance). For a r.v. X with expectatio&lE[X] = U, the variance of X is defined to be
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Var(X) = E[(X — 1)*]. eachon Srem
Kve W\EN
The square X) = y/Var(X) is called the standard deviation of X.
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Variance of a Coin Toss
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| flip a fair coin. What is the variance of
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Variance of a Dice Roll

| roll a single six-sided dice. What is the variance of my dice roll?
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c0= Z LP(K=k)

Variance of a Uniform Random Variable

lable that takes on the values 1, ., h with the same
probability (1/n) What is Var(X)?
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Variance of a Uniform Random Variable (cont.)
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Example: Variance of a Dice Roll (again)

eadn W/ prob ‘\é

Roll a fair six-sided dice. What is the variance?
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Properties of Variance ’
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Properties of Variance > E C(x*b)z>
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Properties of Variance

Var(X+Db)
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Variance of the Bernoulli Distribution

Let X ~ Bernoulli(p). What is Var(X)?
] w/ ?VDbOt‘oi\\
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Making Serves

Nikki plays tennis (badly). Her Seng € dicipdathe ‘legal zone” 20% of the time.
What is the variance of the r«treroftmres her serve is legal?
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Variance of Independent Random Variables

If X and Y are mdepend nt random var lables, Var(Xy+ Y )= Var(X) + Var(Y)
@es\ Wen rot inclep endenr

¥ \ox C)(+\( ) = Vav (X) +Ver (V)
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Variance of the Binomial Distribution

X~ Gernaall C?)

Let X ~ Binomial(n, p). What is Var(X)?
Xz X +X ¥ o Kaq
Vo OX) = Var (X ¥ 4 X))
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Example: Variance of 10 coin tosses C( P)‘?

You toss a coin ten times that flips heads with probability 7. What is the variance
of the number of heads?

X #Q’C. X:Xl‘l'xl"r... X‘O
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Example: More tennis

Carlos Alcaraz wins matches against Novak Djokovic 1/3 of the time. If they play
five times next year, what is the variance of the number of matches Alcaraz wins?

Year Event Surface RND  Winner Result

2023 Wimbledon Outdoor Grass F Carlos Alcaraz 16 76° 61 36 64
Great Britain

2023 Roland Garros Outdoor Clay SF Novak Djokovic 63576161
France

2022 ATP Masters 1000 Madrid Outdoor Clay SF Carlos Alcaraz 6757576°
Spain

X=X, +X; +. 'Xs X Bg"“o““"c‘/?’)
Y~ Binomial (5,%)  Vor(X) = 5 (\ 3)
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What is covariance?

Cov(X, Y) gives us information about how related X and Y are to each other.

CovtvionG \s  Posihve
wher X s big, \is bigy

Covanmte  ie NS
Wha X s sral\ Y is bg
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Covariance (Formally)

Definition 16.2 (Covariance). The covariance of random variables X and Y, denoted Cov(X,Y), is defined

Cov(X,Y) = E[(X — px)(Y — py)] {E[XY] —]E[X]]E[Y]J
where iy = E[X] and uy = E[Y].

“Mean of the product minus the product of the means”
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Covariance is Bilinear T

Cov(aX + bY, aX + bY) = VCQX OtX ) t CQN C_&X \3\/>

v Gulb),8X) « v (&Y, bY)
- \)OL\:CO\IC\{)Q

a Cov(X, r a) ) = a2 Cev(X, X )
\DQ-COV CY/ \/)
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If X & Y are independent, they are uncorrelated

“— (X, Y)=O

E[XY] E[X]E[Y] if X and Y are independent

eXYd - & & xgPKex A 7=y) 7
E, %: xaPCX* XY= 3)

Z x PX= X)Ly =9)
NOTE: If two events are un doesn’t m&an they’re independent.
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Covariance Relation to Variance

Cov(X, X) = Var(X)

l
E(xX) - ELXTEIX)
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What does this mean about Var(X+Y)?

Cov (XY, X+ ) = Cov(X, X)+Gov (X \L)
SR  onC XD kYY)

s = Cogn (x )() x—cho\; (X /\[ )+CwC}‘ ﬂi
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Covariance of Two indicator variables

Let X and Y be two not-necessarily-independent Bernoulli random variables. What

e XY % [ | 00X AY=9)
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Covariance Method with Identically Distribijted Variables

—
Find Var(X, + X, + ... X ) whﬂeg%g«gre identically distributed variables.
J /\/\, Y
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Example: Envelopes Problem

You have n envelopes and n letters. What is the variance of the number of letters
that end up in the correct envelope?
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Example: Envelopes Problem (cont.)
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Envelopes Problem (another approach)

LetX =X, + X, + ... + X_

E(X?) = ZE(xz) + Y E(XiX;).
I#]
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Variance of the Hypergeometric Distribution O

yeN '{O
Suppose you have a box with 10 red balls and 1Q t?me balls. You draw 10 times
randomly without replacement. What is the variance of the number of red balls
you pick?
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Variance of the Hypergeometric Distribution (cont.)

= @M\) +10-9 'CO\I(,Xi,XJ')
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Variance of the Hypergeometric (cont.)

What would the variance be if it was with replacement? (-\@

X=X+ X XN%W@A\\\
E@dff&
Binomial (1O, 22) <~

\/WQO 0~ 2 O [{?-)
-9 .



(Formally) Variance of Hypergeometric

Vo) < vy (1)

“

Lecture 4A - Slide

UC Berkeley CS70 - Nikki Suzani 32



Example of Hypergeometric: Tennis Balls
\a[o\i

There are three DI tennis balls, four red tennis balls, and five green tennis balls
in a box. If you draw three times randomly without replacement, what is the
variance of the number of red tennis balls that you draw?

3 G4 N g+\{*r5
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Correlation (Formally)

It's hard to compare Cov(X, Y) and Cov(A, B) if A & B have different units than X &
Y — numbers can vary pretty heavily based on units. Correlation helps us
standardize units, in order to cross-compare covariances.

Definition 16.3 (Correlation). Suppose X and Y are random variables with 6(X) > 0 and 6(Y) > 0. Then,

the correlation of X andY is defined as
’ c(X)o(Y) Y) _
~ < S = C\,)

Core (X, YY) <\
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(If time, derivation) Variance of the Poisson Distribution

Let X ~ Poisson(A). What is Var(X)?

\(O«Cx) =\
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(If time, derivation) Variance of the Geometric Distribution

Let X ~ Geometric(p). What is Var(X)? A

Vor(X) = €(X*) - GCX);U\ ;"'
[1 4 — ,
O = ¢¢ Up(tp) +Tplhe) + -
- (I-p)ex®) —diptpl-p) + qFCl—P)S*-..
PECX?) = 2eX)—)
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oecx*) = A7) |
peCX®) = = -\
coe) =& -5 .
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Recap

e Discussed the topics of variance, covariance, and correlation
o Properties of Variance
o Properties of Covariance
o Properties of Correlation

e Discussed the variance of popular distributions and their derivations
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